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Abstract. We introduce a class of spaces, called real cubings, and study the stucture of groups 
acting nicely on these spaces. Just as cubings are a natural generalisation of simplicial trees, real 
cubings can be regarded as a natural generalisation of real trees. Our main result states that a 
finitely generated group G acts nicely (essentially freely and co-specially) on a real cubing if and 
only if it is a subgroup of a graph tower (a higher dimensional generalisation of a;-residually free 
towers and NTQ-groups). It follows that G acts freely, essentially freely and co-spccially on a 
real cubing if and only if G is a subgroup of the graph product of cyclic and (non-exceptional) 
surface groups. In the particular case when the real cubing is a tree, it follows that G acts freely, 
essentially freely and co-specially on the real cubing if and only if it is a subgroup of the free 
product of abelian and surface groups. Hence, our main result can be regarded as a generalisation 
of the Rips' theorem on free actions on real trees. 

We apply our results to obtain a characterisation of limit groups over partially commuta- 
tive groups as subgroups of graph towers. This result generalises the work of Kharlampovich- 
Miasnikov, IKhM98bl . Sela, [SelaOll and Champetier-Guirardel, ICG05I on limit groups over free 
groups. 
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1. Introduction 



Rips' theory of group actions on real trees has been extremely important not only because of its 
intrinsic value but also as a tool and a nexus for different disciplines, see |Bes02) . For instance, it was 
essential for understanding the compactification of hyperbolic structures |MS841 IMS88al IMS88b| , in 
Sela's approach to acylindrical accessibility |Sela97b| . for the isomorphism problem for hyperbolic 
groups |Sela95l IDGrOSi IDGIO] , for the study of limit groups [SelaOlj , for the construction of the 
JSJ decomposition |RS97j . for analysing automorphisms of hyperbolic groups and free groups, 
[F89llF9n[SeIa96] . etc. 

The goal of this paper is to generalise Rips' theory to higher dimensional spaces, i.e. to determine 



the structure of finitely generated groups acting nicely on real cubings (see Definition 6.1 ) 



In order to be more concrete on the type of actions and spaces under consideration, we first discuss 
the point of view on group actions on real trees that we adopt. In [BF95j . Bestvina and Feighn 
determined the structure of finitely presented groups acting stably on a real tree. Guirardel, in 
[Gu98| . showed that, in fact, any stable action of a finitely presented group on a real tree can be 
approximated by actions on simplicial trees while keeping control on arc stabilisers. From this 
perspective, the theory of (stable) actions on real trees is the theory of ultralimits of actions on 
simplicial trees, |KL95[ [Roe03) . 

A natural high dimensional generalisation of a (simplicial) tree is that of a CAT(O) cube complex. 
Following Sageev, [S95j, we call a simply connected cube complex of (combinatorially) non-positive 



curvature a cubing and we define a real cubing to be an ultralimit of cubings (see Definition 6.1 1. As 
Rips' theory can be viewed as the theory of ultralimits of actions on simplicial trees, our approach 
to its generalisation is to study group actions on the ultralimits of cubings. 

It is obvious that in order to succeed in this approach, one needs to have a good understanding of 
the structure of groups acting on CAT(O) cube complexes. But already at this point, one encounters 
the first obstacle: Burger and Mozes, see [BM97j, described a series of finitely presented simple 
groups that act freely on the direct product of two (simplicial) trees. These examples show that the 
problem of describing the structure of finitely generated groups acting on CAT(O) cube complexes 
is practically hopeless. 

Intuitively, one would expect that a "good" action on a space should capture the structure of the 
space and so, in the particular case of a direct product of trees, one would expect to recover some 
type of direct product structure. As shown by the examples of Burger and Mozes, free actions fail 
this intuition. The notion that does respond to this expectation is the notion of co-special action 
introduced by Haglund and Wise, see |HW08| . Roughly speaking, a group G acts co-specially 
on a cube complex X if the quotient G\X is a cube complex without certain pathologies on its 
hyperplanes. In this way, a group acts freely co-specially on a direct product of trees if and only 
if it is a subgroup of a direct product of free groups. More generally, it follows from the work of 
Haglund and Wise, that a group acts freely co-specially on a CAT(O) cube complex if and only if it 
is a subgroup of a (possibly infinitely generated) partially commutative group (also known as right- 
angled Artin groups or graph groups). Furthermore, every action of a group on a simplicial tree 
(without inversions of edges) is co-special, therefore co-special actions on CAT(O) cube complexes 
are a natural generalisation of actions on simplicial trees. 
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The aim of this paper is to determine the structure of finitely generated groups that act on real 
cubings via an ultralimit of free co-special actions on cube complexes, i.e. to determine the structure 
of finitely generated groups that act essentially freely co-specially on real cubings, see Definition 



We show that the class of groups that admit this type of action on a real cubing is, in fact, very 
large, containing as main example the class of finitely generated groups discriminated by an arbitrary 
(finitely generated) partially commutative group, or in other words, the class of limit groups over 
partially commutative groups. In particular, the class of groups we consider contains the class of 
finitely generated residually free groups and so the class of limit groups over free groups. 

Furthermore, the type of actions we consider is rather wide. In the case of real trees (viewed as 
real cubings), one can show that every very small action of a free group, every faithful, non-trivial 
action of an abelian group and every small action of the fundamental group of an orientable surface 
is of our type. (Note that if one could show that very small actions of the fundamental group of a 
non-orientable surface on real trees can be approximated by very small simplicial actions, then we 
could conclude that any free action of a finitely generated group on a real tree is of our type, see 
[Gu98| for further discussion). 

We now explain in what terms we determine the structure of finitely generated groups acting 
essentially freely and co-specially on real cubings. One family of groups that turned out to be key 
in the study of both the universal and the elementary theory of free groups is the class of oj-residually 
free towers or, equivalently, the class of NTQ-groups. This class of groups is constructed inductively 
from free abelian groups and surface groups by taking free products and amalgamations over abelian 
subgroups. One of the main properties of this family is that, on the one hand, any NTQ-group 
is discriminated by non-abelian free groups (see KhM98bl ISelaOlj ) and, on the other hand, any 
finitely generated freely discriminated group is a subgroup of an NTQ-group (see [KhM98b1 ICGOSj ) . 
Hence studying limit groups over free groups is equivalent to studying NTQ-groups and their 
subgroups. 

Along these lines, we prove that groups acting essentially freely co-specially on real cubings are sub- 
groups of a nice class of groups, which we call graph towers. Graph towers are natural generalisations 
of NTQ-groups (cj-residually free towers) and, just as them, they are also defined inductively. Graph 
towers of height are partially commutative groups. A graph tower of height / is constructed 
by taking an amalgamated product of a graph tower T'~^ of height I — 1 and an extension of either 
a free abelian group, or of a free group or of a surface group with boundary, by the centraliser 
Czi-i{D) of (a certain) subgroup D of T'~^, and taking the amalgamation over this centraliser 
C<ii^i{D). More precisely. 



Definition (see Lemma [8.3[ ). Let partially commutative groups be graph towers of height 0. As- 

sume that graph towers T'~ of height I — I have been constructed. Then, a graph tower of height 
I has one of the following presentations: 
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bl) 1' ^ *c^,-i(n) (Cj'-iW X {x{,...,x[^^ I [x\,x^j] = 1,1 < i,j < mi,i^j)) 
(abelian type, u is a non-trivial irreducible root element); 

b2) T'-i *c,,_i(D) (Cy-i (D) x{x{,..., I [x^, 4] - 1, 1 < i, J < TO,, i ^ j)) 
(abelian type, D is a certain non-abelian subgroup of 

c) 1'"^ *Cj,_i(r.)x(«23+i, ...,«„> (('^2g+i,.--,wm,a;'i,...,x5„, I W) X C<5:!-i(L')) 

(surface type, W is a non-exceptional quadratic equation and -D is a certain non-abelian 
subgroup of T'~^). 

In general, one does not extend centralisers of arbitrary subgroups. Roughly speaking, one only con- 
siders subgroups of T'^^ which behave as directly indecomposable canonical parabolic subgroups, 
i.e. are discriminated (in a "minimal way") into directly indecomposable canonical parabolic sub- 
groups of the partially commutative group G, see discussion in Section |8] 

The class of graph towers extends the class of w-residually free towers or NTQ-groups. Indeed, 
if the subgroup D of an w-residually free tower is non-abelian, then since centralisers in a freely 
discriminated group T'~^ are commutative transitive, it follows that Ct^i-i{D) is trivial and so, 
in this case, the decompositions correspond to free products and amalgamated products (over 
cyclic). If the subgroup D is abelian, then C'ji-i{D) is a maximal abelian subgroup of and 
the decomposition corresponds to an amalgamated product over a (finitely generated free) abelian 
group. This suggests that the splittings that occur in groups acting on real cubings can give a 
framework for a generalisation of the theory of (abelian) JSJ-decompositions. 

Just as the class of w-residually free towers and NTQ groups plays a crucial role in the classification 
of groups elementarily equivalent to a free group, |KhM06| ISela06j . we expect that the class of 
graph towers will play a similar role in the classification of groups elementarily equivalent to a 
given partially commutative group. 

We are now in the position to state one of the main results of this paper. 

Theorem |10.3[ Let G be a finitely generated group. The group G acts essentially freely co-specially 
on a real cubing if and only if it is a subgroup of a graph tower. 

Furthermore, given a finitely generated group G, the corresponding graph tower T and the embed- 
ding of G into T can be constructed effectively. 

In the case of free actions, the above theorem results in the following corollary, which can be likened 
to Rips' theorem on free actions on real trees. 

Corollary |10.4[ A finitely generated group G acts freely, essentially freely and co-specially on a 
real cubing if and only if G is a subgroup of the graph product of free abelian and (non- exceptional) 
surface groups. 

In particular, if the real cubing is a real tree, then G is a (subgroup of) the free product of free 
abelian groups and [non- exceptional) surface groups. 

Notice that although graph towers are finitely presented, finitely generated groups acting essentially 
freely co-specially on real cubings (or limit groups over partially commutative groups) are, in 
general, not finitely presented, since partially commutative groups (and so graph towers) are not 
coherent. 
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The approach to group actions on real cubings we present in this paper is similar to the one orig- 
inally presented by Rips for the study of free actions on real trees and to the one presented by 
Kharlampovich and Miasnikov for the study of limit groups over free groups, |KhM98b] . Both 
approaches are based on an interpretation of the Makanin-Razborov process, a combinatorial al- 
gorithm that decides whether or not a system of equations over a free group is compatible as well 
as produces an effective description of the set of solutions. In our case, the proof will rely on the 
analogue of the Makanin-Razborov process that we developed in jCKll| . which gives an effective 
description of the solution set of a system of equations over a partially commutative group. 

Organization of the paper. We now outline the organization of the paper. In the first three sec- 
tions, we review basic notions and fix notation on partially commutative groups, algebraic geometry 
over groups and cube complexes. 

In Section [5j we review and extend several basic results from the theory of cube complexes. An 
important notion for our approach is that of co-special action introduced by Haglund and Wise 
in |HW08j ■ since it links cube complexes and groups acting on them to partially commutative 
groups and their subgroups - the natural setting for our work. More precisely, given a special cube 
complex X, Haglund and Wise construct an (v4-)typing map and a natural combinatorial local 
isometry from X to the standard complex of a partially commutative group G(X), and prove that 
■Ki{X) embeds into The main inconvenience of this construction is that, in general, the 

partially commutative group Gi{X) is infinitely generated and this precludes the use of some of the 
techniques needed in our approach. 

An elegant way to overcome this technical obstacle would be by solving the following problem for 
partially commutative groups. 

Problem 1. Given fc g N, does there exist a universal finitely generated partially commutative 
group G/c that contains all fc-generated subgroups of arbitrary partially commutative groups? 

Or, in a stronger form, given A; S N, does there exist a finitely generated partially commutative 
group Gk so that for any fc-generated subgroup H of any partially commutative group G there 
exists a homomorphism Lpn from G to G/c which is injective on HI 

We note that by |Bau77| . every 2-generated subgroup of any partially commutative group is either 
free or free abelian. Hence, there does exist a 2-universal partially commutative group. 

Unfortunately, we do not know a solution to this problem in the full generality. However, we can 
solve it if we restrict the family of partially commutative groups to which the subgroups H belong. 
To this end, in Section [5] we introduce the notion of width of a cube complex and show that the 
subclass of partially commutative groups of bounded width do have a universal object for the set of 
their fc-generated subgroups. Note that there are other (even wider) classes that one could handle 
in a similar way such as the class of partially commutative groups that are (finite or infinite) free 
products of finitely many different partially commutative groups of finite width. 

Due to the nature of the class of partially commutative groups we are considering, some construc- 
tions in Section [5] might seem somewhat artificial. The reader interested primarily in understanding 
the structure of limit groups over partially commutative groups, may wish to skip Sections [Sj [6] and 
[7] and proceed to Section [8] Our choice of approach is justified by the fact that, on the one hand, it 
covers the case of trees, and, on the other hand, in the event that Problem [T] is solved in positive. 
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the proofs and results of this paper could be straightforwardly carried over to the general case (i.e. 
the restriction on the width of cubings would be dropped). 

In Section [6] we introduce real cubings as ultralimits of cubings of uniformly bounded width, see 
Definition \6.1\ 

In Section [7j we introduce the notion of essentially free co-special action - the class of actions that 
we are interested in, see Definition |7.1| Roughly speaking, an action of a group G on a real cubing 
(viewed as an ultralimit) is essentially free and co-special if it is faithful, non-trivial and is a limit 
of co-special actions. We show that if a group G acts essentially freely and co-specially on a real 
cubing, then it acts essentially freely and co-specially on the asymptotic cone of a finitely generated 
partially commutative group. We then reduce the study of groups acting essentially freely and 
co-specially on real cubings to the study of limit groups over partially commutative groups. The 
main result of this section is summarised in the following 



Theorem (see Theorem 7.10). A finitely generated group acts essentially freely and co-specially 
on a real cubing if and only if it acts essentially freely and co-specially on an asymptotic cone of 
a partially commutative group if and only if it is a limit group over some partially commutative 
group. 

Just as the asymptotic cone of a non-abelian free group is the universal real tree, |DP01|. IMN092] . 
the above results suggest that the asymptotic cone of the partially commutative group is the 
universal real cubing for real cubings of width N. From this perspective, as Rips' theory can be 
viewed as the theory of groups acting on subspaces of the asymptotic cone of a free group, the 
theory developed in this paper can be regarded as the theory of groups acting on subspaces of 
asymptotic cones of partially commutative groups. 



In Section [Sj we introduce the notion of graph tower, see Definition 8.2 As we briefly discussed 



graph towers are a natural generalisation of w-residually free towers and NTQ-groups. 

In Section [9j we construct a graph tower Tg associated to a limit group G over a partially commu- 
tative group G and in Section [T0{ we show that is discriminated by a family of homomorphisms 
induced by a discriminating family of G and that G embeds into Tq. The main result of these two 
sections can be formulated as follows 



Theorem (see Corollary 10.2). Given a limit group G over a partially commutative group G, one 
can effectively construct a graph tower Tg and a monomorphism i : G ^ Furthermore, the 
graph tower 1g is discriminated by G. 



Given a limit group G over a partially commutative group G, the construction of the graph tower 
1g and the embedding i : G ^ 1g essentially relies on the process we constructed in [CKllj . 
which can be regarded as the counterpart of the Makanin-Razborov process for free groups. In 
[CKllj . we show that the set of homomorphisms Hom(G,G) from a finitely generated group G to 
a partially commutative group G can be (effectively) described by a finite, oriented, rooted tree 
Tgoi. Vertices v of the tree are labelled by coordinate groups G/j(n„) of generalised equations fly 
and certain groups A{ny) of automorphisms of Gfl(o^). Edges e : w — > u of the tree are labelled by 
proper epimorphisms 7r(u,w) : Gfl;(n„) — >■ G^jn^). 
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Any homomorphism from G to G determines a path uo —> wi —>•••—> Vfe from the root to a leaf of 
this tree that ahows to describe the homomorphism as a composition 

(7o7r(z;o, t;i)cri7r(wi, W2) • • • ak-iTr{vk^i,Vk)'ip, 

where € A(Gv.) is an automorphism from the corresponding group assigned to the vertex Vi, 
TT^Vi, Wi+i) is the epimorphism that labels the edge e : — >■ Vi^i and V' is a certain homomorphism 
from the group assigned to the leaf of the tree to G. (Note that both the group associated to a leaf 
and the set of homomorphisms from the leaf to G are completely determined, see |CK111 Theorem 
9.2]). 

In the free group case, Rips' machine allows one to analyse the dynamics of the foliated band 
complex and classify the corresponding measured foliations by taking them to a normal form, i.e. 
it allows one to show that minimal pieces of the corresponding action of the group on a real tree 
correspond to either thin, surface or toral case. 

In the case of partially commutative groups, the process we describe analyses the dynamics of a "fo- 
liated constrained band complex" or, in our terms, the dynamics induced by the family of solutions 
of a constrained generalised equation. Constrained generalised equations are generalised equations 
(or union of bands) with commutation constraints associated to the items. In other words, if the 
coordinate group associated to the generalised equation is defined to be the free group generated 
by the items quotient by the radical ideal generated by the set of relations, then the coordinate 
group associated to a constrained generalised equation is the quotient of some partially commuta- 
tive group (generated by the items and commutation relations being induced by the constraints) 
by the radical ideal of the set of relations. 

Since the tree Tsoi(G) that describes the set IIom(G,G) is finite and since G is discriminated by 



G, it follows (see Lemma 3.31 that there exists a branch of the tree, called fundamental branch, so 
that the family of homomorphisms that factors through it, is a discriminating family for G. The 
idea is to use a fundamental branch and the family of automorphisms associated to the vertex of 
the branch to construct a graph tower T as well as the embedding of G into T. 

As in the free group case, the family of automorphisms associated to a vertex v are intrinsically 
related to the types of dynamics of a constrained generalised equation associated to v. These 
dynamics were studied in |CK11| and can be classified into the following three types: 

• linear-like (thin-like) case: case 7-10; 

• quadratic-like (surface-like) case: case 12; 

• general type (a combination of surface-like and axial-like cases): case 15. 

If the automorphism group associated to a vertex is of abelian type, i.e. if the generalised equation 
associated to the vertex contains a periodic structure, then similarly to the free group case, one can 
show that there exists an automorphism of the coordinate group that brings it to a presentation 



that exhibits the splitting (see abelian floor in Definition 8.2 ) 



There is an essential difference when studying the linear and quadratic cases over free groups or 
over partially commutative groups. In the free group case, given a generalised equation fl of type 12 
(quadratic type), the coordinate group associated to is isomorphic to a surface group. Basically, 
one shows that bases of the generalised equation are generators of the corresponding group and 
that the group (in this new generating set) is a 1-relator group where the relation is a quadratic 
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word. One concludes that there exists an automorphism of the group that brings the quadratic 
word into the normal form and hence the group is isomorphic to a surface group. In this case, the 
isomorphism only relies on the type of generalised equation. 

This is not true in the case of partially commutative groups. The type of the generalised equation 
alone does not determine the structure of the corresponding coordinate group: in general, the 
coordinate group of a constrained generalised equation of type 12 is not isomorphic to the quotient 
of a partially commutative group by a surface relation. In order to determine the structure of the 
group one essentially uses the fact that the corresponding generalised equation of type 12 repeats 
infinitely many times along an infinite branch of the tree T{il) constructed in |CK11| . In other 
words, the structure of the coordinate group associated to a generalised equation 0„ of type 12 is 
intimately related with the presence of the automorphism group associated to the vertex v. 

The analysis of the dynamics of an infinite branch of type 12 shows that one can gain control on 
the type of constraints and prove that, in this case, we can take the set of bases as generators of the 
group and preserve the underlying structure of a partially commutative group as well as prove the 
existence of an automorphism of the group that brings the quadratic word into the normal form. 
Therefore, if a constrained generalised equation of type 12 appears infinitely many times in an 
infinite branch of the tree T(f2), then one can conclude that the group is isomorphic to the quotient 



of a partially commutative group by a surface relation (see surface floor in Definition 8.2). 



A similar phenomena occurs if the generalised equation is of type 7-10 (linear type). In the case of 
free groups, the coordinate group splits as a free product where one of the factors is a free group. 
In the case of partially commutative groups, again the existence of automorphisms is crucial to 
determining the splitting. However, the dynamics of the linear case are much harder to analyse 
and we did not manage to follow this approach in order to find the splitting. Instead, we change 
the strategy and study this case by forcing it to behave as the cases we know how to deal with: the 
quadratic case and the abelian case. In order to carry out this new analysis of the branch, we do 
the contrary of what is done in the free group case: we use Tietze transformations to introduce new 
generators and relations and transform the generalised equation to a generalised equation where 
every item is covered at least twice and then study the obtained generalised equation as in the 
quadratic and general cases. 

As one might expect, the dynamics of the linear case, not always can be analysed in this way and it 
may happen that after a finite number of steps, we fall again into a linear case. To deal with this, 
we introduce an invariant (the height of the minimal tribe), which is bounded above by a constant 
that depends only on the underlying partially commutative group G, and show that every time we 
go back to the linear case, this invariant increases. Furthermore, if this invariant is maximal, we 
prove the existence of an automorphism that brings the group to a presentation that exhibits the 



splitting (see basic floor in Definition 8.2) 



In the last section, we generalise the construction of the graph tower associated to a fundamental 
branch to an arbitrary branch. This allows us to prove the following result. 

Theorem Let G be a partially commutative group and let G be a finitely generated residually 
G group. Then, one can effectively construct finitely many fully residually G graph towers Xi , . . . , Tfc 
and homomorphisms pi from G to 1i, i = 1, . . . ,k so that any homomorphism from G to G factors 
through a graph tower %i, for some i — 1, . . . ,k, i.e. for any homomorphism ip : G Q there exists 
i € {1, . . . , fc} and a homomorphism ipi : Tj -> G so that if = Pi^Pi- In particular, G is a subgroup of 
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the direct product of the graph towers %i, i — 1, . . . , k and a subdirect product of the direct product 
of groups Pi{G) < %i, i = 1, . . . , fc. 

In the case of finitely generated residually free group, an analogous result was proven by Kharlam- 
povich and Miasnikov, |KhM98b) . In a recent work on the structure of finitely presented residually 
free groups, Bridson, Howie, Miller and Short, |BHMS| . gave an alternative construction of the 
embedding of a finitely presented residually free group into the direct product of finitely many limit 
groups and showed that their construction is canonical. 

Acknowledgement. The authors would like to thank Mark Sapir and Vincent Guirardel for stimu- 
lating discussions. 

2. Partially commutative groups 

In this section we recall some preliminary results on partially commutative groups and introduce 
the notation we use throughout the text. 

Let r = (F(r),i?(r)) be a (undirected) simplicial graph. Then, the partially commutative group 
G = G(r) defined by the (commutation) graph F is the group given by the following presenta- 
tion: 

G = {V{T) I [vi,V2] = 1, whenever {vi,V2) e E{T)). 
We note that G is not necessarily finitely generated. 

Let r' = (y(r'),£;(r')) be a fuU subgraph of T. It is not hard to show, sec for instance jEKROSj . 
that the partially commutative group G' = G(r') is the subgroup of G generated by V{V'), i.e. 
G(r') = (y(r')). Following |DKR07| . we call G(r') a canonical parabolic subgroup of G. 

We denote the length of a word w by \w\. For a word w G G, we denote by w a geodesic of w. 
Naturally, is called the length of an element w G G. An element e G is called cyclically 
reduced if the length of w-^ is twice the length of w or, equivalently, the length of w is minimal in 
the conjugacy class of w. 

For a given word w, denote by alph(w) the set of letters occurring in w. For a word w € G, 
define A(w) to be the subgroup of G generated by all letters that do not occur in a geodesic w and 
commute with w. The subgroup K{w) is well-defined (independent of the choice of a geodesic w), 
see |EKR05j . Let w € G be so that [v, w] = l and alph(w) n alph(w) = 0, or, which is equivalent, 
V € A{w) and w € A{v). In this case, we say that v and w disjointly commute and write v ^ w. 

Given a set of elements S of G, define A{S) = f] A{w). 

wes 

For a (not necessarily finitely generated) partially commutative group G(r), consider its non- 
commutation graph A ~ {V{A), E{A)) defined as follows. The vertex set V"(A) coincides with 
V(T). There is an edge connecting Vi and Vj in A if and only ii i ^ j and there is no edge 
connecting Vi and Vj in F. Note that the graph A is the complement graph of the graph F. The 
graph A is a union of its connected components /i, . . . , Jfc, which induce a decomposition of G as 
the direct product 

G = G(/i) X • • • X G(4)- 
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Given w G G and the set alph(w), just as above, consider the graph A(alph(w)) (which is a fuh 
subgraph of A). This graph can be either connected or not. If it is connected, we call w a block. If 
A(alph(ii;)) is not connected, then we can decompose w into the product 

(1) w = Wj^ ■ Wj^ ■■■Wj^\ ji, ■ ■ ■ , jt e J, 

where \ J\ is the number of connected components of A(alph(?«)) and the word Wj. is a word in the 
letters from the ji-th connected component. Clearly, the words {wj^, . . . ,^^4} pairwise disjointly 
commute. Each word Wj^, i G 1, . . . ,t is a block and so we refer to presentation ([T]) as the block 
decomposition of w. 

Observe that the number of blocks of the block decomposition of w G G is bounded above by the 
rank of G. An element g G G is called irreducible if it is a conjugate of a cyclically reduced block 
element. 

Remark. Irreducible elements play a very important role in the theory of partially commutative 
groups. They are crucial in describing centralisers of elements; they are used to prove that free 
extensions of centralisers are discriminated by partially commutative groups; they are key to un- 
derstand the cut-points in the asymptotic cones of partially commutative groups; and they will 
be essentially used in this paper. In a sense, irreducible elements can be likened to irreducible 
automorphisms of free groups or surface groups. 

An element w G G is called a least root (or simply, root) of w G G if there exists a positive integer 

1 < m G N such that v = and there does not exists w' G G and 1 < m' G N such that w = w'™ . 
In this case, we write w = y/v. By a result from jDK93] . partially commutative groups have least 
roots, that is the root element of v is defined uniquely. 

Let r be a simplicial graph. For any x G V{T), define to be the subset of all vertices y G V{T) 
so that there is an edge {x,y) G EiV). We note that x ^ x^ . Given a subset X C ^(r), set 

Let w be a cyclically reduced element of G. It is not hard to see that {a\pph{'w)^) — A{w). 

Introduce an equivalence relation ^ on the set of vertices V{r). For two vertices vi,V2 G ^^(r), set 
vi ^ V2 if and only if vj^ = V2- Since for every u G F, we have v ^ v^, it follows that if vi ^ V2, 
then they are not connected by an edge in F. Define the graph F' whose vertices are '^-equivalence 
classes and there is an edge joining [u] to [v] if and only if {u' , v') is an edge of F for some (and thus 
for all) u' G [u] and v' G [v]. The graph F' is called the deflation of F. Observe that the partially 
commutative group G(F') is isomorphic to a canonical parabolic subgroup of G(F). 

Definition 2.1. A canonical parabolic subgroup K of a partially commutative group is called closed 
if K-^-^ = K. The subgroup IK is called co-irreducible if K is closed and its complement K-*- is a 
directly indecomposable canonical parabolic subgroup. We denote by alph(K) the set of canonical 
generators of G that generate K. 

In our setting, the set of edges £'(F) of the graph F will be decomposed into a disjoint union of two 
sets, £'(F) = EdiT)UEc{T), Ed{T)nEc{T) = 0. Let Gd and Gc be the partially commutative groups 
defined by the graphs {V{r), Ed{T)) and (^(F), £'c(F)), correspondingly. Then, any canonical 
parabolic subgroup K of G naturally defines canonical parabolic subgroups K^; and Kc of G^ and 
Gc, correspondingly. 
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We say that a canonical parabolic subgroup K of G is i?rf(r)-co- irreducible (i?rf(r)-directly 
(in)decomposable) if so is the induced subgroup of G^- Similarly, a subgroup K is called 
£'c(r)-abelian if so is the induced subgroup Kc of Gc- 

The canonical parabolic subgroup A(K(i) of G^ naturally defines a canonical parabolic subgroup of 
G, which we shall denote by AEj{r){^d)- 

Let G be a partially commutative group given by the presentation {A\ R). Let F = ¥{A^^) be the 
free monoid on the alphabet A U A^^ and let T = T(^^^) be the partially commutative monoid 
with involution given by the presentation: 

T{A^^) = {AUA-^ I Rt), 

where [a^, a|] G Rj if and only if [a^, aj] £ R, e,6 G {—1, !}• The involution on T is induced by the 
operation of inversion in G and does not have fixed points. We refer to it as to the inversion in T 
and denote it by 

Following |DM06| . we define a clan to be a maximal subset C — C U C^^ AU A^^ such that 
[a,c] ^ i?T if and only if [b,c] ^ Rj for all a,b G C and c G A^^. A clan C is called thin if there 
exist a € C and b € A^^ \ C such that [a, b] S Rf and is called thick, otherwise. It follows from 
the definition that there is at most one thick clan and that the number of thin clans never equals 
1. 

Every element of A~^ belongs to exactly one clan. If T is a direct product of d free monoids, 
then the number of thin clans is d for d > 1, and it is for d — I. In the following, we pick a 
thin clan and we make it thick by removing commutation. It might be that the number of clans 
does not change, but the number of thin clans decreases. This is the reason why the definition of 
DM- normal form below is based on thin clans (instead of considering all clans). 

It is convenient to encode an element of the partially commutative monoid as a finite labelled acyclic 
oriented graph [V, E, A], where V is the set of vertices, E is the set of edges and X : V ^ A^^ is 
the labelling. Such a graph induces a labelled partial order [y, £'*,A]. For an element w € T, 
w = bi ■ ■ ■ bn, bi £ -A^^, we introduce the graph [V, E, A] as follows. The set of vertices of [V, E, A] 
is in one-to-one correspondence with the letters oi w, V = {1, . . . ,n}. For the vertex j we set 
A(j) = bj. We define an edge from bi to bj if and only if both i < j and [bi, bj] ^ Rt- The graph 
[V, E, A] thereby obtained is called the dependence graph of w. Up to isomorphism, the dependence 
graph of w is unique, and so is its induced labelled partial order, which we further denote by 
[^,<,A]. 

Let ci < • • • < Cg be the linearly ordered subset of [V, <, A] containing all vertices with label in 
the clan C. For the vertex v € V, we define the source point s{v) and the target point t{v) as 
follows: 

s(v) — sup{i I Ci < v}, t{v) — inf{i | v < c^}. 

By convention, sup0 = and inf = q + 1. Thus, < s{v) < q, 1 < t{v) < q + I and s{v) < t{v) 
for all V G V. Note that we have s{v) — t{v) if and only if the label of v belongs to C. 

For < s < t < q+1, we define the median position m(s, t) as follows. For s = t, we let m(s, t) = s. 
For s < t,hy |DM06[ Lemma 1], there exist unique I and k such that s<l<t, k>0 and 

cs+i ...ciE F(C)(C-lF(C))^ c;+i . . . ct_i e (F(C-i)C)'=F(C-i). 
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Then, we define m{s, t) = I + ^ and we call m(s, t) the median position. Define the global position 
of u e y to be g{v) ~ in{s{v),t{v)). 

We define the normal form nf (w) of an element w G T by introducing new edges into the dependence 
graph [y, i5, A] of w. Let u,v & V he such that X{v) S C and [X{u),X{v)] G i?T- We define a new 
edge from u to u if g{u) < g{v), otherwise, we define a new edge from v to u. The new dependence 
graph [V, E, A] defines a unique element of the trace monoid IT, where T is obtained from T by 
omitting the commutativity relations of the form [c, a] for any c e C and any a € A^^ . Note that 
the number of thin clans of T is strictly less than the number of thin clans of T. We proceed by 
designating a thin clan in T and introducing new edges in the dependence graph [V, E, A]. 

It is proven in jDMOG) Lemma 4], that the normal form nf is a map from the trace monoid T to 
the free monoid F(ylU .4"^), which is compatible with inversion, i.e. it satisfies that TT{ni{w)) = w 
and nf(u'^^) — id(w)~^, where w G T and tt is the canonical cpimorphism from F(^U^^"'^) to 
T. 

We refer to this normal form as to the DM-normal form or simply as to the normal form of an 
element G T. 

Let ui € G be a word and let HI < G be a canonical parabolic subgroup, H = Hi x EII2, Hj 7^ 1. 
We say that w has 2fc — 1 H-alternations if w contains a subword viUi . . . VfcWfc, where Vi e Hi and 
Ui e H2 are non-trivial words, i = 1, . . . , fc. 

Lemma 2.2. Let w (z G be written in the DM-normal form. Let H < G 6e a canonical parabolic 
subgroup which decomposes as a non-trivial direct product of two canonical parabolic subgroups Hi 
and H2, H = Hi x H2. Then, the number of M- alternations in w is bounded above by a constant 
that depends only on the number of clans ofQ. 

Proof. We use induction on the number of thin clans of G. If the number of thin clans equals one, 
then the statement is obvious. 

Suppose that the statement is true for all partially commutative groups with less than n thin clans 
and let G have precisely n thin clans. Let w G G be some word, let [V, E, A] be the dependence 
graph of w and let C be a thin clan of G, write 

W = W1C1W2 ■ ■ ■ WgCqWq+l, 

where ci, . . . ,Cq are all the letters in w which belong to the clan C and the dependence relations 
for C have already been established. 

By definition of the DM-normal form, 

ni{w) = nf(wi)ci nf(u;2) • • • nf(wg)c^ nf (w^+i). 

Therefore, if H n (C) = 1, then the statement follows by induction. 

Suppose that H and (C) intersect non-trivially, then either H n (C) < Hi or H n (C) < H2. Let 
Vi ■ ■ ■ Vk be an H-alternation in iif{w). li vi ■ ■ ■ Vk does not contain for all i = 1, . . . , g, then the 
statement follows by induction. Let us assume that vi ■ ■ ■ Vk contains Ci for some i — 1, . . . , g and 
let i be minimal so that Ci is a letter of Vj . 

If j = k, then the bound on k follows by induction. Suppose that j ^ 1, then Wj-i is a subword 
of id{wi) and Wj+i is a subword of u£{wi) for some / 7^ i. But, since Wj-i ^ Vj and Wj+i ^ Vj, 
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it follows that for every letters x and y from Wj-i and Wj+i, the global positions g{x) and g{y) 
(with respect to C) coincide, contradicting the definition of the DM-normal form. It follows that 
/fc ^ 2,...,fc- 1. 

Suppose that j — 1. Let i' be minimal so that i' > i and Ci' is contained in wi • • -Vk- Observe 
that, without loss of generality, we may assume that such i' exists since, otherwise, the bound on 
k follows by induction. The letter Ci' is a letter of some Vji . If / ^ k, then fj'-i is a subword of 
Wi> and Vji+i is a subword of nf(w;/) for some V > i'. But, since Wj'-i ^ vj' and Wj'+i ^ Wj', it 
follows that for every letters x and y from Wj'_i and Wj'+i, the global positions g{x) and (7(2/) (with 
respect to C) coincide, which contradict the definition of the DM-normal form. If j' ~ k, then the 
bound on k follows by induction. □ 

3. Algebraic geometry over groups 

The objective of this section is to establish the basics of algebraic geometry over groups. We refer 
the reader to |BMR991 IDMR07I for details. Let G = (A) be a group and F{X) be the free group 
on the alphabet X, X = {xi, X2, ■ ■ ■ , Xn}- Denote by G[X] the free product G * F{X). 

For any element s G G[X], the formal equality s = 1 can be treated, in an obvious way, as an 
equation over G. In general, for a subset S C G'[X], the formal equality S = 1 can be treated 
as a system of equations over G with coefficients in A. Elements from X are called variables and 
elements from A^^ are called coefficients or constants. To emphasize this we sometimes write 
S{X,A) = 1. 

A solution U of the system S{X) — 1 over a group G is a tuple of elements 51, . . . , (;„ e G such 
that every equation from S vanishes at (gi, . . . ,g„), i.e. Si{gi, . . . ,gn) = 1 in G, for all Si G S. 
Equivalently, a solution U of the system 5=1 over G is a G-homomorphism tt(j : G[X] -> G 
induced by the map nu : Xi ^ gi such that S C ker(7r[/). When no confusion arises, we abuse the 
notation and write U{w), where w G G[X], instead of ttu{w). 

Denote by ncl(S') the normal closure of S in G[X]. Then, every solution of S{X) = 1 in G gives 
rise to a G-homomorphism ^["'^Vncl(5') ^ ^'^'^ ^^'^^ versa. The set of all solutions over G of the 
system S* = 1 is denoted by Vg{S) and is called the algebraic set or variety defined by S. 

For every system of equations S, we set the radical of the system S to be the following subgroup of 
G[X]: 

R{S) ^ {TiX) e G[X] I Vgi,...,V<?„(5(gi,...,<?„) = l^T(5i,...,g„) = l)}. 

It is easy to see that R{S) is a normal subgroup of G[X] that contains S. There is a one-to-one 
correspondence between algebraic sets Vg(S) and radical subgroups R(S) of G[A"]. Notice that if 
VaiS) = 0, then R{S) = G[X]. 

It follows from the definition that 

R{S) = fl ker(7rc/). 

The quotient group 

Gfl(s) = G[^]/i?(5) 
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is called the coordinate group of the algebraic set Vg{S) (or of the system S). There exists a one- 
to-one correspondence between algebraic sets and coordinate groups. More formally, the categories 
of algebraic sets and coordinate groups are dual, see |BMR99|, Theorem 4]. If a group G = Gi^^s) 

is given as the quotient ^[''^Vi?(S')) say that G is given by its radical presentation. If the 
corresponding system S is finite, we say that G is given by a finite radical presentation. 

Given a system of equations 5* = 1, we denote by Gs the group ^["^Vncl(S')- 

A group H is called {G-) equationally Noetherian if every system S{X) — 1 with coefficients from 
G is equivalent over G to a finite subsystem 5*0 = 1, where Sq C 5, i.e. the system S and its 
subsystem Sq define the same algebraic set. If G is G-equationally Noetherian, then we say that 
G is equationally Noetherian. If G is equationally Noetherian then the Zariski topology over G" is 
Noetherian for every n, i.e., every proper descending chain of closed sets in G" is finite. This implies 
that every algebraic set V in G" is a finite union of irreducible subsets, called irreducible components 
of V ^ and such a decomposition of V is unique. Recall that a closed subset V is irreducible if it is 
not a union of two proper closed (in the induced topology) subsets. 

We note that partially commutative groups are linear, see |Hum94j . thus, equationally Noetherian, 
see |BMR99j . 

We say that a family of homomorphisms {^i} C Hom(i7, iiT) separates {discriminates) H into K if 
for every non-trivial element h G H (every finite set of non-trivial elements Hq C H) there exists k 
so that (pk{h) 7^ 1 ifkih) ^ 1 for every h € Hq). In this case, we also say that H is residually K 
(that H is fully residually K) and call the family {(pi\ separating [discriminating) . 

Remark 3.1. There is a natural epiniorphism from ^["'^Vncl(S') Gj^^s)- This epimorphism is 
an isomorphism if and only if ^["'^Vncl(S') residually G. 

A finitely generated fully residually H group G, is called a limit group over H. The term limit 
group was introduced by Sela in [Sela01| in the setting of free groups. The original definition is 
given in terms of the action of G on a limiting real tree. One can prove, see [SelaOlj . that, in the 
case of free groups, the geometric and residual definitions are equivalent. 

Theorem 3.2. Let H be a group. Then, for a finitely generated group G the following conditions 
are equivalent: 

(1) G is fully residually H ; 

(2) G is the coordinate group of an irreducible variety over H . 
If any of the above two conditions holds, then 

(3) G embeds into an ultrapower of H . 

Furthermore if H is equationally Noetherian, then all three conditions above are equivalent. 

Lemma 3.3. Let G be a limit group over H and let {ifi} be a discriminating family for G. If 
the family {(pi} is a union of finitely many families, {ifi} = {^fi.i} U • • • U {ipi,n}, then one of the 
families {(pi,k} is a discriminating family for G. 
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Proof. Without loss of generality, we may assume that n — 2 and {fi} — U {ipi}- We show 
that either {(f>i} or {ipi} is a discriminating family for G. 

Assume the contrary, then there exist finite sets of non-trivial elements S = {gi, . . . ,gm} C G and 
T = {hi, . . . , /ifc} C G which can not be discriminated into H by {(f>i} and {i/'i}, correspondingly, 
i.e. for all i we have ipi^gi.) = 1 and (/'i(/imi) = 1 for some h — 1, . . . , m, rrii — 1, . . . , fc. Since 
{ipi} — U {ipi}, the set S UT can not be discriminated by {(fi} into H - a contradiction. □ 

Remark 3.4. Let G be a group discriminated by a finitely generated partially commutative group 
G. Notice that since G has only finitely many different canonical parabolic subgroups, then, by 
Lemma |3.3[ for any H < G, there exists a canonical parabolic subgroup H of G with the two 
following properties: there exists a discriminating family {ipi} such that (pi{H) < H and there exist 
no proper subgroups H' of H with the first property. 

4. Special cube complexes 

In this section we review the theory of co-special actions on CAT(O) cube complexes, see 
|HW08| . 

Definition 4.1. A cube complex AT is a CW-complex where each n-cell cr is a standard Euclidean 
?i-cube whose attaching map ipa '■ da ^ x^"^^-' satisfies the following conditions: 

(1) the restriction of ip^ to every fact of e is a linear homcomorphism onto a cube of one lower 
dimension; 

(2) ifa- is a homcomorphism onto its image. 
We give X the standard CW-topology. 

We refer to 1-cells as edges or as 1-cubes and to 0-cells as vertices or 0-cubes. 

Let X denote a cube complex. The link link((T) of a cube cr is a simplicial complex whose n-skeleta 
are defined inductively as follows: 

• The set of vertices of hnk(cr) is {r e a("+i) | a G dr}; 

• The set of n-simplices, n > I of link((T) is 

{(tq, . . . , T„) I Ti e link(cr)'^ and there is a cube ly such that G dv}. 

The cube complex X is combinatorially non-positively curved if each vertex link is flag (that is each 
complete subgraph is the 1-skeleton of a simplex). We say that X is combinatorially CAT(O) when- 
ever X is combinatorially non-positively curved and simply-connected. Following Sageev, |S95) . we 
call a simply connected combinatorially non-positively curved cube complex a cubing. 

Each cube of X can be given the metric of a standard unit Euclidean cube in M" . One can then 
put on a cubing X a pseudo-metric, which, in fact, turns X into a complete CAT(O) metric space 
(A,d), [BH99]. 

Lemma 4.2 (see [G87] ). Let X be a cube complex. Then, X is combinatorially nan positively 
curved if and only if the length metric d on X is locally CAT(O). In particular, a cube complex is 
metrically CAT(O) if and only if it is combinatorially CAT(O). 
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Hence, the metric and combinatorial geometry of CAT(O) cube complexes are closely connected, see 
pr[07j for more details. We work with non-positively curved cube complexes from a combinatorial 
viewpoint and consider them as higher-dimensional analogues of graphs. However, to introduce 
certain notions, it will be convenient to think of the cube complex as a geometric object. 

A midcube in the cube /„ = [0, 1] x • • • x [0, 1] is the subset obtained by restricting one of the 
coordinates to 5, so the midcube is parallel to two {n — l)-faces of /„. The edges of /„ dual to this 
midcube are the edges perpendicular to it. The center of an n-cube in a cube complex is the image 
of . . . , ^) from the corresponding n-cell. The center of an edge is its midpoint. 

Given a cube complex X, we form a new cube complex Yx, whose cubes are the midcubes of cubes 
of X. The vertices of Yx are the midpoints of edges of X. The restriction of a (fc + l)-cell of X to a 
midcube of Ik+i defines the attaching map of a k-ceW in Yx- Each component of Yx is a hyperplane 
of X. An edge of X is dual to some hyperplane H if its midpoint is a vertex of H. Each edge e 
is dual to a unique hyperplane, which we will denote by H{e). Two hyperplanes A, B oi a, cube 
complex X intersect if A n i? 7^ 0, they cross if they intersect but are not equal. 

Set H = '^/|| and let [e], [/] G "H. Elements of H are sometimes called (unoriented) combinatorial 
hyperplanes. Combinatorial hyperplanes are in one-to-one correspondence with hyperplanes. When 
no confusion arises we refer to combinatorial hyperplanes as simply hyperplanes. 

We will use a combinatorial metric defined on the set of vertices of X. Let £ be the set of oriented 
edges of X. An edge path or simply a path in X is a finite sequence of oriented edges such that 
the end of each edge is the origin of its successor. The length of a path is just the number of edges 
in the sequence. Given two vertices p, q d X we define the distance dist(p, q) between p and q as 
the infimum of the lengths of paths between them. One can check that dist is a metric, called the 
edge-path metric. 

Sometimes, we shall consider cube complexes with the rescaled edge-path metric. Let c G K and 
c > 0, then we define the rescaled edge-path metric distc on a cube complex X as follows. For any 
p,q £ X, set 

dist.(p,,).^^^^. 

c 

As we have already mentioned, essentially, just as graphs, cube complexes are combinatorial objects. 
Just as any simplicial tree (graph) can be made into a metric tree (graph) by identifying every edge 
with [0, 1], given a cube complex X with a (rescaled) edge-path metric distc, we shall make X into 
a metric cube complex. We identify every edge of X with [0, c] and endow every cube of X with the 
£^ metric. We thereby obtain a metric on X that we denote by dc. Observe that for any vertices 
p,q G X we have dc{p,q) — distc (p, 9). Furthermore, any combinatorial isometry of (X, distc) 
induces an isometry of {X,dc). We shall consider only combinatorial isometrics of cube complexes 
and for the most part identify {X,dc) and (X, distc), and abusing the notation and terminology, 
refer to {X,dc) as to (X, distc), in particular, in Sections |6] and [Tj 

Let X be a cube complex and let £ be the set of edges of X. We define the equivalence relation \\ 
as follows: set e || /, e, / G £ if and only if there exists a finite sequence of edges e = ei, . . . , e„ = / 
such that for each i = l,...,n— 1, the edges and Ci + 1 are opposite sides of some 2-cube in X 
oriented in the same direction. 
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Special cube complexes were introduced by F. Haglund and D. Wise, |HW08| . Following Hagiund 
and Wise, we define a special cube complex as a nonpositively curved cube complex which does not 
have certain pathologies related to its immersed hyperplanes. An immersed hyperplane D crosses 
itself if it contains two different midcubes from the same cube of C. An immersed hyperplane 
D is 2-sided if the map D ^ C extends to a map D x I C which is a combinatorial map of 
cube complexes. When D is 2-sided, it is possible to consistently orient its dual 1-cubes so that 
any two dual 1-cubes lying (opposite each other) in the same 2-cube are oriented in the same 
direction. 

An immersed 2-sided hyperplane D self-osculates if for one of the two choices of induced orientations 
on its dual 1-cells, some 0-cube z; of C is the initial 0-cube of two distinct dual 1-cells of D. A pair 
of distinct immersed hyperplanes D,E cross if they contain distinct midcubes of the same cube of 
C. We say D, E osculate, if they have dual 1-cubes which contain a common 0-cube, but do not lie 
in a common 2-cube. Finally, a pair of distinct immersed hyperplanes D^E inter-osculate if they 
both cross and osculate, meaning that they have dual 1-cubes which share a 0-cube but do not lie in 
a common 2-cube. A cube complex is special if all the following hold, see (HWIO) Figure 1]: 

(1) No immersed hyperplane crosses itself; 

(2) Each immersed hyperplane is 2-sided; 

(3) No immersed hyperplane self-osculates; 

(4) No two immersed hyperplanes inter-osculate. 

All cube complexes we consider are special and connected unless stated otherwise. 

Central examples of special cube complexes are cube complexes associated to partially commutative 
groups. Let G be a (perhaps infinitely generated) partially commutative group. The 2-complex 
X of the standard presentation of G extends to a non-positively curved cube complex C(G) by 
adding an n-cube (in the form of an n-torus) for each set of n pairwise commuting generators. It 
is well-known, see [HW08. Example 3.3], that 

• Every graph is a special 1-dimensional cube complex; 

• Every CAT(O) cube complex is special; 

• For any (not necessarily finitely generated) partially commutative group G, the complex 
C(G) is a special cube complex. 

Given a partially commutative group, throughout this text we denote by C(G) the standard complex 

of G and by C(G) its universal cover. The universal cover C(G) is a CAT(O) cube complex whose 
1-skeleton is the Cayley graph Cay(G) of the standard presentation of G. 

As the following series of results show, not only C(G) and C(G) are important examples of special 
cube complexes, but essentially these examples are universal. 

Proposition 4.3 (Theorem 4.2, |HW08| ). A cube complex X is special if and only if it admits 
a combinatorial local isometry to the cube complex C(G) of a {not necessarily finitely generated) 
partially commutative group G. Furthermore, if X is special, then Tri{X) is a subgroup ofG. 
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As we have already discussed, cubings are a natural generalisation of simplicial trees. While the 
structure of groups acting (without inversions) on simplicial trees is well understood, the structure of 
groups acting (essentially) even freely on cubings may be extremely complex, as shown by examples 



of Burger and Mozes, ,BM97j . Proposition 4.3 motivates the definition of a co-special action. In 
the case of trees, if a group acts on a tree freely and without inversions (and, therefore, in this case, 
co-specially), the group is a subgroup of a free group. In the case of co-special actions on cubings. 
Proposition |4.3| can be reformulated as follows. 

Proposition 4.4. A group G acts freely co-specially on a {not necessarily finite dimensional) cubing 
C if and only if it is a subgroup of a (not necessarily finitely generated) partially commutative group. 

Furthermore, by construction of the A-typing maps, see |HW08| Sections 3 and 4], one can extract 
a more specific result. 

Corollary 4.5. Let G be a group acting freely co-specially on a (not necessarily finite dimensional) 
cubing C . Then, 

• there exists a combinatorial isometric embedding of C into the universal cover C(G) of the 
standard complex of a [not necessarily finitely generated) partially commutative group G; 

• the action of G on C extends to a free co-special action a of G on C(G). 

• the action a is induced by the action of G by left multiplication on the Cayley graph Cay(G). 

The following result is not hard to deduce from Proposition |4.4| 

Proposition 4.6. Let G be a finitely generated group. Then, the group G acts freely co-specially 
on a finite dimensional cubing G if and only if it is a subgroup of a finitely generated partially 
commutative group Q. 

Proof. Let G = (wi, . . . ,Wk) be a finitely generated subgroup of a (perhaps, infinitely generated) 
partially commutative group G. Then, G is a subgroup of G = (alph(wi), . . . , alph(ii'fc)), which in 
turn is a canonical parabolic subgroup of G. The group G acts (freely) by left multiplication on the 

Cayley graph Cay(G) of G. The Cayley graph Cay(G) is the 1-skeleton of the universal cover C(G) 
of the standard complex C(G) of G and the action of G on Cay(G) gives rise to a free co-special 

action on C(G). 

Conversely, if G is a finitely generated group acting freely and co-specially on a cubing, using an A- 
typing map, see |HW08| Sections 3 and 4], one obtains an embedding of G into a (a priori infinitely 
generated) partially commutative group G. As above, we conclude that as G is finitely generated, 
so it embeds into a finitely generated canonical parabolic subgroup G of G. □ 



5. Cube complexes of finite width 



Finitely generated partially commutative groups enjoy many nice properties, which are not shared 
by infinitely generated ones. In our setting, it will be crucial that the group G acting co-specially 
on a cubing G be a subgroup of a finitely generated partially commutative group. We have seen 
above that one can restrict the consideration to finitely generated groups in order to make sure 
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that G indeed is a subgroup of a finitely generated partially commutative group. Alternatively, as 
is done by Haglund and Wise, see |HW08[ rHW10| . one can impose the condition that the quotient 
of C by the action of G have finitely many immersed hyperplanes. 

However, both of these approaches have their limitations. On the one hand, requiring that the 
quotient have only finitely many immersed hyperplanes, imposes strong restrictions not only on 
the group G, but also on the action of G on C, for instance, one automatically excludes many non 
co-compact actions of subgroups of partially commutative groups. 

On the other hand, the assumption that the group G is finitely generated is not sufficient in our 
setting. Suppose we are given a sequence of free actions of finitely generated groups Gi on cubings 
Gi (we shall see in the following sections that this is precisely the setting we are interested in) . Each 
of these actions defines an embedding of Gi into a partially commutative group G^. It may happen 
that the ranks of Gi tend to infinity as i tends to infinity and therefore, we can not find a finitely 
generated universe for the groups Gi . As we have mentioned in the introduction, a positive solution 
of Problem [T] would resolve this technical issue and allow to consider arbitrary cubings. 

Our next goal is to show that one can impose a natural geometric restriction on the cubing G that 
allows to solve a restricted version of Problem [T] namely, a group G acts freely co-specially on a 
cubing of finite width if and only if G is a subgroup of a finitely generated partially commutative 
group. Furthermore, it allows us to find a universal partially commutative group that contains all 
groups G acting freely on cubings of bounded width. Moreover, we show that the free co-special 
action of a group G on a cubing of finite width extends to a free co-special action of G on the 
universal cover of the standard complex of a finitely generated partially commutative group. 

Let X be a special cube complex. Then, by Proposition |4.4[ there always exists a partially com- 
mutative group G so that there exists a combinatorial local isometry from X to G(G). However, 
such an isometry is by far non-unique. For example, the A-typing map for the Cayley graph of the 
free group F2 of rank 2 results in a free group of countable rank, but, of course, the Cayley graph 
Cay(^2) admits a combinatorial local isometry onto G(i^2)- 

Definition 5.1. Let [e], [/] S H be two hyperplanes of some cube complex. Set [e] « [/] if and 
only if every hyperplane [g] G T-L crosses [e] if and only if it crosses [/] . One can check that ~ is an 
equivalence relation. Denote by = S^{X) the quotient ^/~. 

We say that the cube complex X is n-wide or has width n if and only if there exists a combinatorial 
local isometry from X to G(E), where E is a partially commutative group such that |^(G(E))| = n, 
n e N and n is minimal with this property, i.e. for any E' so that |Jo(G(E'))| = k < n, the 
cube complex X does not admit a combinatorial local isometry onto G(E'). In this case, we write 
w{X) = n. If |w(Ar)| = n for some n G N, we say that X is of finite width, otherwise, we call X 
infinitely wide. 

Throughout this text, given a special cube complex X of width n, we denote by E(A) a partially 
commutative group so that w(G(E(X))) — n and there is a combinatorial local isometry from X 
to G(E(A)). 

Remark 5.2. Let X be a special cube complex of width n, then there is a combinatorial isometric 
embedding of the universal cover X into G(E) for some partially commutative group E, where 
w(G(E)) = n. 
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Conversely, if X is a cubing which admits a combinatorial isometric embedding into C(G) so that 
w(C(G)) = n, and X — > F is a covering map, then X, Y have finite width and w{X),w{Y) < n. 



We now record the following observations about the width of cube complexes, which follow directly 
from the definition. 

Lemma 5.3. 

(1) The width of any graph is one. 

(2) The width of the standard cubulation of the euclidean space E" is n. 

(3) More generally, if X and Y are cube complexes, then w{X x Y) = 'w{X) + w{Y). 

(4) // the width of X is finite, then X is finite dimensional. 

(5) The width of any compact cube complex is finite. If a cube complex contains only finitely 
many embedded hyperplanes, then it has finite width. 

(6) Let G be a partially commutative group with the underlying graph T, w{C{G)) = N, then 
the deflation T' ofT is a finite graph with N vertices and w(C(G)) = w(C{G{T')). 



The main result of this section is the following free actions theorem for special cube complexes of 
finite width. Viewing simplicial trees as 1-dimensional cubings and graphs as 1-dimensional special 
cube complexes, the next theorem is a natural generalisation of the free actions theorem for trees: 
a group acts freely without inversions of edges (and hence co-specially) on a tree if and only if it is 
a subgroup of a finitely generated free group. 

Theorem 5.4. Let G be a group. Then, G acts freely co-specially on a cubing of width n if and 
only if G is a subgroup of a partially commutative group G and w{C{G)) — n. 



Proof. Let C(G) be the universal cover of C(G) and w{C{G)) = n. Every subgroup G of G acts 
(freely) by left multiplication on the Cayley graph Cay(G) of G. Since Cay(G) is the 1-skeleton of 

C(G), we get a free co-special action of G on C(G). 

Conversely, if X is a cubing of width n, then there exists a combinatorial local isometry from X to 
C(E), where w{C(E)) = n. Therefore, by Proposition 4.3 G embeds into E. □ 

Lemma 5.5. Let G = G(r) be a partially commutative group so that u){C(Gr)) = n < oo. Then, G 
is a subgroup of a 2n-generated partially commutative group. 



Proof. Let T' be the deflation of F. Then, by Lemma 5.3 T' has exactly n vertices. Define the 
graph r* as follows. The graph T* is a finite graph with exactly 2n vertices constructed from F'. 
For every vertex v G F', we introduce two vertices vi,V2 £ F*. We set {vi,Uj) € E(r*) if and only 
if {v,u) G E{T'), for all v,u€ F', i,j = 1,2. 

Observe that both G(r) and G(F*) can be viewed as a graph product of groups with the underlying 
graph F' and free vertex groups (see |Gr90[ IGo06| for definition and basic properties of graph 
products). For every vertex u G F', let J^([i']) be the free group generated by {v'l, . . . ,v'j^, . . .} = [v] 
associated to the corresponding vertex of the graph product G(F) and let F{vi,V2) be the free 
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group generated {vi,V2} associated to the corresponding vertex of the graph product G(r*). Let 
(j)v : ^ ^"(^1,^2) be an embedding of into F{vi,V2)- 

The embeddings v G V , give rise to an embedding ip : G(r) — > G(r*). We conclude that G is a 
subgroup of a 2n-generated partially commutative group G(r*). □ 

Corollary 5.6. Let G be a group. Then, G acts freely co-specially on a cubing of finite width if 
and only if G is a subgroup of a finitely generated partially commutative group. 

Given a special cube complex X of width n, the 2rt-generated partially commutative group con- 



structed from E{X) in Lemma 5.5 will be denoted by ¥{X) 



As we have shown above, if a group G acts freely co-specially on a cubing of finite width, then 
it is a subgroup of a finitely generated partially commutative group P. We now show that there 
is a universal partially commutative group that contains all groups that act freely co-specially on 
cubings of a given width. 



By Lemma [5.3[ for any N G N there are only finitely many deflated graphs Fi, . . . ,r/j, so that 
w{G{G(T,))) < N. Set Tn to be the union of the graphs F*, 

Fat = F* U • • • U F^ 

and Gtv = G(FAr) = G(F5;) * • • • *G(FJ!), where the graphs F*'s are defined as in the proof of Lemma 



5.5 Observe that Fjv is a finite graph. 



We now arrive to the following 

Corollary 5.7. For every N d N, there exists a partially commutative group G^r — G(Fjv) such 
that every group G acting freely co-specially on a cubing C of width N is a subgroup 0/ Gat . 

Our next goal is to show that if a group G acts freely co-specially on a cubing C of width n, then 
one can construct an embedding from G to P(C) so that it induces an equivariant quasi-isometric 
embedding from G to the universal cover of C(P). Therefore, the study of groups acting freely 
co-specially on cubings of finite width reduces to the study of groups acting freely co-specially on 
the universal covers of standard complexes of partially commutative groups. 

Let G — (S), S ~ S^^ be a finitely generated group acting on a cubing C, and let x & C. Define 
the displacement at x to be 

dx — maxdist(s.x, x). 

If the cubing G has a designated based point 5, then the number djj is called the displacement of 
the action of G. 

Lemma 5.8. Let F{A) — F{ai, . . . , a^, . . . ), F{B) — i^(ai, . . . , Or) and F{b, c) be free groups on the 
indicated alphabets. Let wi, . . . ,Wr G F{b,c) be r words in F(b,c) so that \wi\ = r, Wi w^^ and 
Wi does not begin or end with b^^ and contains the letter c, i = 1, . . . , r. Define the homomorphism 
ijj : F{ai, . . . , Or, . . . , ) — 7- F{b, c) as follows: 

i;{a^) = w,b^+'a,b^+'w^, 

where L Cz N, i — 1, . . . ,r and set 

V'(aj-) - b^+''+^ a,b^+''+\ 
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for all j > r. Then, the map ip is an embedding of F{A) into F{b,c), the restriction of ip onto 
F{B) is a quasi-isometric embedding and the quasi-isometry constant is 4r + 2L + 1. 

Proof. The proof that ij: is an embedding is standard and left to the reader. Abusing the notation, 
we denote the restriction of ijj onto F{B) by -0. We only need to show that \s a. quasi-isometry 
and compute the quasi-isometry constant. 

By definition 2r + 2L + 3 < — 4:r + 2L + l and the equalities are attained for i = 1 and i = r, 

correspondingly. On the other hand, by the definition of it follows that for all v e F{ai, . . . , a^) 
the length \tp{v)\p(^b.c) satisfies the following inequality 

2i|w|F(ai,...,a.) < Hiv)\F{b,c) < (4r + 2L + 1) |t; | . 
and the statement follows. □ 

Lemma 5.9. Let F{A) ~ F{ai, . . . , a;, . . . ) and Fib, c) be two free groups on the indicated gen- 
erators. Let H — {wi,...,Wh) < F be a finitely generated subgroup of F{A). Re- enumerating 
the generators of F{A), let B = {ai, . . . ,ar} — {alph(wi), . . . , alph(wfc)}. We view Ca.y{F{A)), 
Cay{F{B)) and Gay{F{b,c)) as 1-dimensional cube complexes based at the identity. The embed- 
ding of H into F{B) defines a subcomplex C{H) in G&y{F[B)). We designate the identity as the 
basepoint of C{H). 

Let a be the action of H on Gsy{F[B)) by left multiplication, let ip be the map defined in Lemma 



5.8 , let /3 be the corresponding action of H on F{b, c) and let d{a) and d{(3) be the displacements 



of the corresponding actions. Then, 

• the homomorphism ip induces an equivariant, quasi-isometric embedding tjj* of Cay {F{B)) 
into Cay{F{b,c)), the constant of the quasi-isometry -0* does not exceed 6kd{a) + 1; 



the following inequality holds: 2kd{a)^ < d{j3) < 7kd{a 



l2. 



• the homomorphism ijj induces an equivariant, quasi-isometric embedding tp' of 
(F[B),distg(^a)) into (Cay(-F(6, c)), dista(^)), the quasi-isometry constant of ip' does not 
exceed 7k. 



Proof. By Lemma 5.8 for L — kd{a), the homomorphism ip induces the quasi-isometries ip* and 
0'. We only need to compute the quasi-isometry constant. 

By definition, the displacement of the action is the displacement of the basepoint of the complex. 
Therefore, in this case, the displacement d{a) equals max {jwil^/^)}. There are at most kd{a) 

i—l,...,k 

different letters in the words wi, . . . ,Wk, therefore r < kd{a). By Lemma 5.8 it follows that the 
quasi-isometry constant of -p* does not exceed 6kd{a) -t- 1. 

The displacement of 9(/3) equals max {\ip{wi)\piii,c)}- Let Oi € B, then |V'(ai)| = 2(r -I- kd{a) -|- 
i) -f 1. Since ^ d{a) and r < kd{a), we have 

(9(/3) = max {|V'(u;j)|i^(b,c)} < max {|mi|F(B)} ■ max \ip{a.j)\F(b.c) 

i=l,...,k 1=1,. ..,k j = l,...,kd(a) 

< max J^\wi\p(^B)} ■ 7kd{a) ~ 7kd{af' . 
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On the other hand, smce there exists I, 1 < I < k so that \wi\p(^B^ = d{a), we have that 
d{P) > |^(z«/)|F(fc,c) > {2kd{a) + l)d{a) > 2kd{af. 

The last statement now follows from the first two. □ 

Proposition 5.10. Let a be a free co-special action of a k-generated group G on a based cub- 
ing (C, b) of width n. Let E = E(C) and P — P(C) be the corresponding partially commutative 
groups. Let % : G ^ E(C) be the induced embedding and let 13' be the action of G induced 
by a on C(E). Let G = {wi, . . . ,Wk) < E(C) and, re- enumerating the generators o/ E(C), let 
(alph(i(;i), . . . , alph(u'fe)) — (ai, . . . , Or) , where ai are canonical generators o/E(C), i = 1, . . . , r. 



Let ip be the embedding o/E(C) into P(C) defined as in Lemma 5.5 using the maps ipy from Lemma 



5.8, where L — kd{a). Denote by (j) the composition of x o-i^d, and let /3 be the action of G induced 
by a on C(P). Endow C, C(E) and C(P) with the edge-path metric and let the cubings C(E) and 
G (P) be based at lifts of the identity elements id' and id of E and V, correspondingly. Then, 

• the embedding cf) induces an equivariant, based, quasi-isometric embedding ip* of (C, b) into 
(C(P),id); 

• the following inequality holds 2kd{a)^ < d{/3) < lkd{af' ; 

• the embedding cj) induces an equivariant, based, Ik-quasi-isometric embedding from 
(C,dista(„),&) to (C(P),dista(^),id). 

Proof. By Corollary |4.5[ t he embedding of G into E induces an equivariant, combinatorial isometric 
embedding of G into C(E). Hence, it suffices to show that the embedding ■(/; of E into P and, 
consequently, the induced map ip* from C(E) into C(P) can be chosen in such a way that the 
restriction V'*|c of ip* onto the image of G in C(E) satisfies the statements of the proposition. 



The statement now follows by the definition of ip, see proof of Lemmas 5.5 and 5.9 □ 



6. Real cubings 



The aim of this section is to introduce and give examples of the main object of our study, real 
cubings. Wc begin by recalling the notion of an ultralimit of metric spaces. We refer the reader to 
[Roe03| for more details. 

Let it be a non-principal ultrafilter on N. Let (X„, dn) be a sequence of metric spaces with specified 
base-points p„ € X„. We say that a sequence (a:„)„gN, where Xn G Xn, is admissible, if the sequence 
of real numbers {dn{xmPn))n&i is bounded. Denote the set of all admissible sequences by 21. It 
is easy to see from the triangle inequality that, for any two admissible sequences x — (a;„)„gN and 
y = (yn)n6N, the scquence (d„(x„, y„))„gN is bounded and hence there exists a it- limit (ioo(x, y) = 
limd„(x„,y„). 

Define a relation ~ on the set 2t as follows. Set x ~ y if and only if doo{yi,y) = 0. It is easy to 
show that ^ is an equivalence relation on 21. 
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The ultralimit (Xoo,rfoo) = lim ( -'^n, rfn,Pn) with respect to il of the sequence {Xn,dmPn)nen is a 

metric space (^00,^00) defined as follows. As a set, we have Xoo — ^/^- For two ^-equivalence 
classes [x] and [y] of admissible sequences x and y, we set c?oo([x], [y]) ~ (ioo(x, y) = lim (i„(a;„, t/„). 
It is not hard to see that dao is well-defined and that it is a metric on the set X^o ■ 

An important class of ultralimits are the so-called asymptotic cones of metric spaces. Let (X, d) 
be a metric space, let il be a non-principal ultrafilter on N, let p„ G X be a sequence of base- 
points and let {jVi} be a sequence of positive integers. Then, the il-ultralimit of the sequence 
(X, -^,pn) is called the asymptotic cone of X with respect to U, {jn}neN and {pn} and is denoted 
Coneu(Xn, jn,Pn)- The point (pn)neN is called the observation point and the sequence is 
called the scaling sequence. An asymptotic cone of a group G is simply an asymptotic cone of its 
Cayley graph. Note that it is customary to require that lim j„ = 00. In our setting, we allow for 

the possibility that the asymptotic cone of a cubing be a (simplicial) metric cubing. 

The following properties of ultralimits of metric spaces are well-known, see (KL95[ IRoe03) . 

(1) If {Xn,dn)neN are geodesic metric spaces, then lim(X„, (i„,p„) is also a geodesic metric 
space. 

(2) The ultralimit lim(X„, (i„,p„) of metric spaces is a complete metric space. 

(3) Let K < and let (i„)„gN be a sequence of CAT(K)-metric spaces. Then, the ultralimit 
is also a CAT(K)-space. 

(4) Let {Xn,dn)n&i bc a sequence of CAT(K„)-metric spaces, where limK„ = —00. Then, 
lim(Xn, dm Pn) is a real tree. 

We recall that every cubing X can be turned into a metric cubing by endowing every cube of X 
with the £^ metric. 

Definition 6.1. Let (Xn, dist^^, 6„),i(=N7 dist^^ — be a sequence of cubings with fixed based 
points bn endowed with the metric distc„ , and let il be a non-principal ultrafilter on N. Suppose 
that the widths of Xi are uniformly bounded by a fixed N E N. Then, we call the ultralimit 
C = lim(A"„, distc„ , 6„) a real cubing. 

Let w G il and suppose that ■w{Xn) = N, for all n G ui. Then, we say that C is a real cubing of 
width N. Note that the width of a real cubing is well-defined by the properties of the ultrafilters. 

The following proposition follows from well-known results, see |BH99|, IKL95[ IRoe03| 
Proposition 6.2. Let C be a real cubing, then C is a complete contractible CAT(O) space. 

As the following example demonstrates, the class of real cubings is very wide. 
Example 6.3. 

(1) Any asymptotic cone of a finitely generated partially commutative group is a real cubing 
since it is an ultralimit of the universal cover of the standard complex of the partially 
commutative group. 
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(2) Asymptotic cones of nilpotent group are homeomorphic to M.'' for some k, see |Pan83| . hence 
the asymptotic cone of any nilpotent group is homeomorphic to a real cubing. 

(3) It is well known that SL2(]R) is quasi-isometric to the direct product of the hyperbolic plane 
with the real line, hence every asymptotic cone of SL2(K) is bi-Lipschitz equivalent to the 
direct product of a real tree and the real line, and, in fact, see |Karllj . every asymptotic 
cone of the universal cover of SL2 (M) endowed with the Sasaki metric is isometric to a real 
cubing. 

(4) Let (M, g) be a compact connected Riemannian manifold of dimension m, where 5 is a 
Riemannian metric on M. Let d be the metric on M corresponding to g, so that (M, d) is 
a geodesic metric space. Choose a basepoint p G M. Then, the ultralimit (and even the 
ordinary Gromov-Hausdorff limit) \im{M,nd,p) is isometric to the tangent space TpM of 

M at p with the distance function on TpM given by the inner product g{p). Therefore the 
ultralimit is isometric to the Euclidean space with the standard Euclidean metric and is 
bi-Lipschitz equivalent to a real cubing. 

(5) The asymptotic cone of any toral relatively hyperbolic group is bi-Lipschitz equivalent to 
a real cubing, [OSTTl ISisIO] . 

We shall need the following lemma, which is well-known and easy to prove. 

Lemma 6.4. Let (X„, o?„, a;„) and {Ym c?^, Vn) be a sequence of based metric spaces and let il be an 
ultrafilter. Suppose that (X„,d„,a;„) and (Yn,d'^^,yn) are (q„,C) quasi-isometric and limg„ = B. 

Then, lim(X„, rf„, and lim(y„, c?^, are B -bi-Lipschitz equivalent. 

Remark 6.5. Real trees were introduced independently by Chiswell and Tits, see |Chis76| and 
[Tits77| . Chiswell proved the equivalence of the Bass-Serre theory of groups acting on simplicial 
trees (without inversions of edges) and integer- valued length functions on a group, see [ChisOlj . 
Following this approach, for a group G with a real-valued length function, Chiswell defined a real 
tree as a contractible metric space X on which the group G acts. 

In his book 'S erre77| . Serre constructed the SL2-tree associated to a discrete rank one valuation. 
This tree is the SL2-case of Bruhat-Tits building. Having groups with more general valuations, Tits 
generalised the Tits building construction in the SL2-case to the case of more general valuations. 

One can show that the spaces defined by Chiswell and Tits are complete and, in fact, are real 
cubings. 

Later, Alperin and Moss, f AM85j gave a more general definition of real trees as spaces where every 
two points can be joined by a unique arc or, equivalently, as 0-hyperbolic spaces. In analogy to the 
work of Alperin and Moss, one can ask if there is a metric characterisation of real cubings. 

There is yet another way to look at real trees: as metric spaces that are isometric to subspaces of the 
asymptotic cone of a free group, see |MNO92 [ |DP01] . In this fashion, one could define a real cubing 
to be a (convex) subspace of the asymptotic cone of a finitely generated partially commutative 
group. Just as Rips' theory can be viewed as the theory of groups acting on subspaces of the 
asymptotic cone of a free group, the theory developed in this paper can be regarded as the theory 
of groups acting on subspaces of asymptotic cones of partially commutative groups. Since the 
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nature of the actions we consider is that of an uhrahmit of actions, we restrict our consideration to 
real cubings that are uhrahmits of cubings. 

7. Group actions on real cubings 

At this point we begin our study of group actions on real cubings. As we noticed in the introduction, 
intuitively, a "good" action on a space should capture its structure, hence in the case of direct 
product of trees, one would expect to recover some type of direct product structure. However, by 
examples constructed by Burger and Mozes, see |BM97| . studying general, even free actions on 
direct product of trees (and, more generally, on CAT(O) cube complexes) is practically hopeless. 
On the other hand, as we have seen in Sections [3] and |4j free co-special group actions do preserve 
the structure of direct product and can be analysed. 

It is clear that any (metric) cubing is a real cubing, hence, if one is to understand the structure of 
groups acting on real cubings, one needs to have a good understanding of group actions on cubings. 
We therefore consider the class of essentially free co-special actions on real cubings - a natural 
generalisation of co-special actions on cubings. In a sense, essentially free co-special actions can be 
likened to very small actions on real trees, where vertex stabilisers also have a very small action on 
a real tree. 

Let G be a group acting co-specially by isometrics on a cubing C . Let K — {g £ G \ g.x — 
X for all X e C} be the kernel of the action. We shall say that the action of G on a cubing is 
essentially free \i G ^ K and the induced action of the group ^//f on G is free. 

Definition 7.1. Let C = lim(Gi, 5^, distcj be a real cubing. Let {a^} be a sequence of group 

actions of a group G on the cubings {Gi}. Suppose that for all {xi) e C and all g G G the sequence 
of elements {g.Xi) is admissible and thus represents an element of C. Define an action a of G on C 
as follows: 

a{g.{xn)) = (a„(g.x„)). 

We call such an action limiting and the actions of G on the Gj 's are called the components of the 
limiting action. 

Suppose further that we have a limiting action of G on the real cubing C. We say that G acts 
essentially freely and co-specially on C if the action of G on C is faithful, non-trivial (i.e. without a 
global fixed point) and the components of the action are essentially free and co-special actions. 

In |Gu98| ■ Guirardel showed that, in fact, any stable action of a finitely presented group on a 
real tree can be approximated by actions on simplicial trees. From this perspective, the theory of 
(stable) actions on real trees is the theory of ultralimits of actions on simplicial trees, |KL95[[Roe03) . 
The main example of essentially free co-special action on a real tree (viewed as 1-dimensional real 
cubings) is the action of a limit group G via the (discriminating) family of homomorphisms from 
G to F, see |Selani| . 

We now give the central example of essentially free co-special actions of finitely generated groups 
on real cubings. 

Example 7.2. Let G be a finitely generated group and let G be a partially commutative group 
with trivial centre. Let S = S*"^ be a finite set generating G and let dist be the edge path metric 



28 



M. CASALS-RUIZ AND I. KAZACHKOV 



on C(G). Given an infinite sequence of liomomorphisms {tpn ■ G — > G}, one can associate to it a 
sequence of positive integers defined by 

c„ = maxmindist((^„(a).a;, a;) = maxmindist(id, (7~^(^„(a)5. id). 

It is well-known that if {(pn) are pairwise non-conjugate in G, since G is finitely generated, then 
lim c„ = oo. Since the image (fn{G) is a subgroup of G, the subgroup Lpn{G) acts by left multi- 

n— voo 

plication on the Cayley graph Cay(G) and thus every homomorphism Lpn defines an essentially free 
co-special action of G on C (G) . 

Choose an ultrafilter il and let a S 5', a;„ € G be so that c„ = dist((^„(a).a:„, x„) for il-almost all n. 
We then obtain a limiting action of G on the asymptotic cone (real cubing) Coneii(G; (a;„), (c„)). 
By definition, if this action is faithful, then, as we show in Proposition |7.8[ it is essentially free and 
co-special. 



Given a finitely generated group G ~ (S) acting on a space X, it is customary to define the 

displacement of the action as sup mindist(a;, a.x). As the following lemma shows, if we are given 

x<£X oes 

an essentially free co-special group action on a real cubing, our definition of displacement and the 
usual one are basically equivalent. Furthermore, this lemma allows us to change the basepoint of 
the real cubing. 

Lemma 7.3. Let G — (S) be a finitely generated group acting essentially freely and co-specially on 
a real cubing C = lim(C„, 5„ distc„). Then, for any x — (a;„) G C one has that 

lim(— )=p and lim ( ^ ) = g^,, 

where p, G K, p, qx > 0. 

Proof. By definition of the ultralimit, lim('^) always exists. We are to show that p — lim(^^) ^ 

0, CXI. Since the action of G on C (and, in particular, the basepoint (6„)) is well-defined, it follows 
that lim(^^) ^ oo. On the other hand, since the action of G is essentially free and co-special and 
therefore non-trivial, we conclude that p ^ Q. 

The fact that ^M., q^ > Q follows from the first statement. □ 



Let G be a finitely generated group acting essentially freely and co-specially on a real cubing C by 



an action a = {aj} and let the width w(C) of C be N . Then, by Lemma 5.3 and Proposition 5.10 



il-almost all components of the action a define a subgroup ^//^^ of a partially commutative group 
Pj = Viplj^), where wiCi^i)) = TV and has 2iV generators. Since there are only finitely many 
such partially commutative groups, there exists a partially commutative group G(C) so that: G(C) 
is 2iV-generated, the width ti;(G(G(C))) equals N and ^//^- is a subgroup of G(C) for il-almost all 

i. Moreover, by Proposition 5.10 there is a quasi-isometric embedding of Gi into G(G(C)). Given 
an essentially free co-special action of G on C, we call the group G(C) = G(C,G, a) the partially 
commutative group ofC. 
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Definition 7.4. Let G be a partially commutative group and let Coneu(G) be its asymptotic cone. 
An isometry t of Conea(<Ij) is called a (left) translation if there exists an admissible element w G G^, 
w = {wi)i^ti so that for any point p = (pi)igN S Conea(G) the image t{p) equals {wiPi)i^ti. The 
element w is called the vector of the translation t. Note that for a translation t, the vector w may 
be defined non-uniquely. 

Lemma 7.5. Let Tr be a translation o/Coneu(G) with translation vector r =^ (r^) G G^, where G 
is a partially commutative group with trivial centre. Then, the action Tr is trivial on all the points 
of the asymptotic cone Coneu(G) if and only if the element r is the trivial element ofG^. 

Proof. By definition, the i-th component of is simply the action on C(G) defined by the left 
multiplication by r^. 

Assume by contradiction that the set {i € N | 7^ 1} belongs to the ultrafilter. For every non- 
trivial ri e G, we take a canonical generator of G such that does not commute with r^ and yi 
does not left-divide (see |EKR05j for definition). Notice that such a generator y^ exists, since G 
has trivial centre. 

Let y = (?/^')igN, where (q) is the sequence of the scaling constants, be an element of Conea(G). 
Consider the distance dist{y, r.y). Since the canonical generator neither divides nor commutes 
with ri, it follows from |CK10[ CorroUary 4.8] that y~''' left-divides y~'^^riy^\ hence d{y,r.y) > 1 
and so the action r,. is non-trivial on Coneii(G). □ 

We now show that the sequence of quasi-isometric embeddings of Ci into C(G(C)) induces an 
equivariant bi-Lipschitz embedding of C into the asymptotic cone of G(C). 

Proposition 7.6. Let a be an essentially free co-special group action of a k-generated group G on 
a real cubing C ~ lim(C„, 5„, distc,,) and let {an} be the components of this action. Let G(C) be 

the partially commutative group of the real cubing C, let l3n be the action of G on C(G (C)) induced 

Then, 



5.10 



by a„ and let <j)n be the embedding 0/ '-^/j^gj.^Q,^^ into G(C) constructed in Proposition 
there exists a G-equivariant bi-Lipschitz embedding ip of C into Coneii(G(C), l,distg(^^) 

Proof. Let ?/;„ be the equivariant quasi-isometric embedding of (C„, 6„, distg(Q,^)) into 

(C(G(C)), l,dista(^„)) constructed in Proposition 5.10 Identifying the 1-skeleton of C(G(C)) with 
the Cayley graph of G(C), the embedding ipn maps the 



base-point 6„ to the identity - the base-point 



of C(G(C)). 



By Lemma 6.4 the sequence of maps {ipn} gives rise to a bi-Lipschitz embedding ^jJ of C into 
Conea(G(C), 1, distg(^^^)) defined by 

i^iiVn)) = (V'n(2/n)). 

Furthermore, since the actions /3„ are translations, the sequence of actions {Pn} defines an action 
/3 of G on Coneu(G(C), 1, dista(^^)): 



It now follows by Lemma [7.5[ that the action /3 is essentially free and co-special. Since the maps 
Ipn are equivariant, it follows that "0 is a G-equivariant embedding. □ 
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The corollary below follows by definition of a translation and by construction of the action of G on 



Cone(j.(Gjv) given in Proposition 7.6 



Corollary 7.7. Let G be a finitely generated group acting essentially freely and co-specially on a 
real cubing C . Then, G acts essentially freely and co-specially by translations on an asymptotic cone 
of a finitely generated partially commutative group. 

Proof. Observe that the action of G on Coneu(GAr, 1, dist^j-^^)) defined in the proof of Proposition 



7.6 is by left translations, hence the statement. □ 



We have shown that essentially free co-special actions on real cubings induce essentially free co- 
special actions by left translations on asymptotic cones of partially commutative groups. As we 
have mentioned above, limit groups over partially commutative groups act essentially freely and 
co-specially by translations on the corresponding asymptotic cones. We now show that, basically, 
these are the only examples. 

Proposition 7.8. Let G be a partially commutative group with trivial centre. Let G be a finitely 
generated group acting faithfully by translations on Conen.(G). Then, G embeds into the ultrapower 
of G and so G is fully residually G. 

Conversely, let G be a finitely generated fully residually G group. Then, G acts essentially freely 
and co-specially by translations on the asymptotic cone Coneii(G) ofG. 

Note that if G acts essentially freely and co-specially by translations, then G acts faithfully and so 
G satisfies the assumptions of the above proposition. 

Proof. Let r = (r^) € G^ be an admissible sequence representing an element of the asymptotic cone 
Coneu(G). Then, the element r defines an isometry of Conei[(G). The i-th component of is 

simply the action on G{G) defined by left multiplication by r^. 

Define the map ip : G ^ G^ by sending every generator of G to its translation vector. The map ip 
extends to a homomorphism from G — > G^. Indeed, since G acts on Coneu(G), it follows that for 
any relation r of G and any point y G Coney(G) we have that the action of r on y is trivial, i.e. 



dist(y, r.y) ~ 0. By Lemma 7.5 it then follows that the translation vector r is, in fact, the trivial 



element of G^ and hence ip is a. homomorphism. 

The homomorphism ?/' gives rise to an action of G on G^'. Since G acts faithfully on Coney (G), the 
induced action of G on G^ is faithful. Therefore, the homomorphism ip is inje ctive. We conclude 



that G is fully residually G since so is every subgroup of G^, see Theorem 3.2 



On the other hand, any fully residually G group G can be viewed as a subgroup of G^'. Therefore, 
G acts faithfully on G^ by left translations. Furthermore, since the group G is finitely generated 
one can choose scaling constants so that every translation vector corresponding to an element of G 
is admissible in the asymptotic cone and hence the group G acts on Coneii(G). Since the action 
of G on G^ is faithful, the translation vector {gi) corresponding to a non-trivial element g of G is 
non-trivial. By Lemma |7.5[ the action of (gi) on the asymptotic cone is non-trivial. It follows that 
the action of G on Coney (G) is faithful. □ 
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Let G be the free abelian group of finite rank n and let Coneu(G) be its asymptotic cone. Then, 
Coneu(G) is isometric to M" with the £^ metric. It is not hard to see that if a finitely generated 
group G acts faithfully by translations on M", then G is free abelian. 

Corollary 7.9. Let G be an arbitrary partially commutative group and Z{G) be its centre, i.e. 
G ~ G' X Z(G) and Z{G) = Z". Let G be a finitely generated group acting essentially freely 
by translations on Coney (G) = Coney (G') x M", then G is a subgroup of a group of the form 
G' X Z™, where G' is a finitely generated group acting faithfully by translations on Conen(G'). 
Hence, G ~ G" x ll , where G" is a finitely generated group acting faithfully by translations on 
Coneii(G'). Moreover, G is fully residually G. 



Proof. Let G = {xi, . . . ,Xk) be a set of generators of G and let be the translation vec- 
tor of Xi, i — l,...,k. Write = ((u^, w^))„gN, where ujj e G' and w^^ e Z" for all i 
and n. Consider the subgroup H of isometrics of Coney (G) generated by the 2k translations 
. . . , (u'^), «), . . . , (u;^)}. It is clear that H = ((<), . . . , (m^)) x ((w^)^. , (w^)) and 



that G is a subgroup of H. Furthermore, since if ^ 1 for almost all n, by Lemma 7.5 there exists 
an element of the asymptotic cone Coney (G') which is not fixed by the action by (u^). Therefore 
G" = ((w^), . . . , (w^)) acts essentially freely co-specially by translations on Coney(G'). Finally, the 
group ((w^), . . . , (w^)) acts by translations on M" and thus is free abelian. □ 



We summarize the results of this section in the following theorem. 
Theorem 7.10. Let G be a finitely generated group. Then 

(1) the group G acts essentially freely and co-specially on a real cubing if and only if G acts 
essentially freely and co-specially on an asymptotic cone of a partially commutative group 
G if and only if G is fully residually G for some finitely generated partially commutative 
group; 

(2) the group G acts essentially freely and co-specially on a real cubing of width n if and only 
if G acts essentially freely and co-specially on an asymptotic cone of an n-wide and in- 
generated partially commutative group G if and only if G is fully residually G. 

Remark 7.11. In the case of free groups, Sela introduced geometric limit groups as quotients of 
finitely generated free groups by the kernel of an action induced by a family of homomorphisms 
on a real tree and proved that the class of geometric limit groups is precisely the class of finitely 
generated fully residually free groups, see |Sela01| . The above theorem gives a characterisation 
of the class of geometric limit groups over partially commutative groups as the class of finitely 
generated fully residually partially commutative groups. 



8. Graph Towers 



Limit groups have been studied in various branches of group theory and logic from different view- 
points: algebraic, model-theoretic, geometric, in universal algebra and in algebraic geometry over 
groups. They can be described as finitely generated fully residually free groups, groups that satisfy 
the same set of existential formulas as free groups, as coordinate groups of irreducible algebraic 
sets, as subgroups of the ultrapower of the free group, as groups that realise atomic types over a 
free group etc., see |DMR07j . Limit groups form a subclass of groups acting freely on M"-trees (and 
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Z"-trees), |Gu98[ IRem89i IKhM98b[ IMRS06j . they are toral relatively hyperbolic, |Dahin07[ IHOS] 
and CAT(O), [AIOB] . 

The first structural characterisation of limit groups is due to Kharlampovich and Miasnikov. In 
[KhM98b] . the authors showed that limit groups are subgroups of the, so-called, NTQ groups (in 
Sela's terminology, see |Sela01| . these groups are called w-residually free towers). Among other 
things, Kharlampovich and Miasnikov showed that limit groups are subgroups of an iterated se- 
quence of extensions of centralisers. One of the main corollaries of this characterisation is the fact 
that limit groups are finitely presented and, more generally, coherent. 

Similar results were proven independently by Sela in [SelaOll ISela03| . Sela introduced and studied 
limit groups via their action on real trees and obtained a description of the hierarchical structure 
of these groups as well as their finite presentability. Following Sela's approach, Champetier and 
Guirardel, see jCG05| , gave another proof of the fact that limit groups are subgroups of cj-residually 
free towers and also characetrised the class of limit groups (without requiring to pass to a subgroup) 
as the smallest class containing finitely generated free groups, and stable under free products and 
under taking generalized double over a group in the class. In |BF09j . Bestvina and Feighn charac- 
terised them as constructible limit groups - a hierarchical description in terms of their generalised 
abelian decomposition and existence of a nice retraction onto a lower level, where free groups, are 
the groups on the lowest level of the hierarchy. 

Partially commutative groups are known to have a highly complex family of subgroups: they con- 
tain surface groups (with only 3 exceptions) as well as graph braid groups as subgroups, see |CW04) : 
furthermore, some of their subgroups are main examples of groups with remarkable finiteness prop- 
erties (see |St63[ [Bl76l IBB97] ). In particular, partially commutative groups are not coherent. It is 
clear, that the structure of limit groups over partially commutative groups is at least as complex 
as the structure of subgroups of partially commutative groups, hence, one can not expect to com- 
pletely describe the structure of limit groups over partially commutative groups (without passing 
to a subgroup). Our goal is to characterise limit groups over partially commutative groups as sub- 
groups of graph towers - a class of groups that generalises the class of w-residually free towers and 
NTQ groups. 

Recall that a finitely generated group is an w-residually free tower if it belongs to the smallest 
class of groups containing all finitely generated free groups and (non-exceptional) surface groups, 
which is stable under taking free products, free extensions of centralisers, and attaching retracting 
surfaces along maximal cyclic subgroups. 

The class of w-residually free towers and NTQ groups, not only characterises the class of limit 
groups, but also plays a crucial role in the classification of groups elementarily equivalent to a free 
group, [KhMOG, Sela06 . We expect that the class of graph towers will play a similar role in the 



classification of groups elementarily equivalent to a given partially commutative group. 

We now turn our attention to defining graph towers. Free extensions of centralisers are, in some 
sense, the basic operations for constructing limit groups, since, as we have already mentioned, 
limit groups are subgroups of iterated sequences of free extensions of centralisers. In order to gain 
intuition in the case of partially commutative groups, let us review the behaviour of extensions of 
centralisers of elements of a given partially commutative group G. On the one hand, we showed in 
[CKlOlfCKllj that any free extension of a centraliser of an irreducible element 6 S G is discriminated 
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by G. On the other hand, as the following example shows, in general, free extensions of centralisers 
of non-irreducible elements are not discriminated by G. 

Example 8.1. Let G = F(a,b) x F{c,d), and let w — {ab,cd) e G. Consider the extension 
of centraliser oi w, H — {G,t \ [t,C{w)] = 1). Take the element ti = [a*,c] in H. For any 
homomorphism (j) from _ff to G which fixes G, we have that £ C{w) = {ah) x {cd). It follows 
that (j){v) — 1. Hence, H is not discriminated (even separated) by G. 



In fact, one can give a precise characterisation of the set of elements of a partially commutative group 
G whose extension of centraliser is discriminated by G in terms of their block decompositions. 

The above discussion already demonstrates that, on the one hand, one can not expect that de- 
compositions over abelian groups (or small groups, or slender groups) determine the structure 
of limit groups over partially commutative groups, since in the free extension of a centraliser 
H — G *c{b) {C{b),t I [t,C{b)]) the amalgamation is taken over a centraliser of an irreducible 
element, which in general, is a partially commutative group. On the other hand, it shows that 
there are some constraints on the type of elements whose centralisers need to be extended. 

The requirements for attaching a (non-exceptional) surface with boundary to G are similar: the 
boundary components of the surface are glued along maximal cyclic subgroups generated by ir- 
reducible elements 6i, . . . , 6^.. In the case of free groups, the surface retracts onto the free group 
and the discriminating family is obtained from the retraction by pre-composing it with modu- 
lar automorphisms. If one would like to follow this pattern in the case of partially commutative 
groups, firstly, one needs to ensure the existence of "modular" automorphisms. For this, a sufficient 
condition is that A{bi) = A(6j), i,j = 1, . . . , fc. Secondly, in order for the surface group to be dis- 
criminated into the subgroup generated by the irreducible elements hi, i = 1, k, it is necessary 
to impose the condition that the surface group commute with A(bi). 

It is not hard to see that these conditions are sufiicicnt for the corresponding group to be discrimi- 
nated by G. In fact, we shall show that, basically, these conditions are necessary. 

Roughly speaking, graph towers are built hierarchically from the partially commutative group G 
by gluing retracting abelian groups and surface groups with the conditions that 

• the abelian and surface groups are amalgamated along cyclic subgroups generated by "ir- 
reducible" elements and 

• these abelian and surface groups commute with the centraliser of the subgroup onto which 
they retract. 

As we discussed in the introduction, graph towers can be defined as an iterated sequence built 



inductively using, basically, amalgamated products over certain centralisers, see Lemma 8.3 Al- 
though the idea is clear, the main technical problem is that, a priori, we do not have control on 
the structure of centralisers of elements of graph towers. In particular, it is not clear what an 
"irreducible" element is. Informally, given a limit group over a partially commutative group, one 
could define an irreducible element to be an element for which there exists a discriminating family 
that maps it into irreducible elements. But we can not define it this way either, since when con- 
structing graph towers, we do not yet know that they are discriminated by G and in fact, it is only 
a posteriori that we are able to conclude that the homomorphisms induced by solutions that factor 
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through the fundamental branch of the Makanin-Razborov diagram discriminate the graph tower 
into G and so to deduce that our "irreducible" elements have this property. 

To deal with this difficiilty, graph towers arc dcfinod as a triple: the group T (the graph tower), a 
partially commutative group H and an epimorphism from H to 1. We will show in the following 
section that in fact, both 1 and H are fully residually G groups. 

The partially commutative group H is defined via its commutation graph F. We subdivide the set 
of edges of the graph F into two disjoint sets: Ec{T) and Ed{T). These two sets capture the different 
nature of commutation for the images of the elements of H in G, namely two vertices x and y are 
joined by an edge from Ec{T) if and only if for a discriminating family, x and y are sent to the same 
cyclic subgroup in G; and two vertices x and y are joined by an edge from -Bd(F) if and only if for 
a discriminating family, the images of x and y disjointly commute. (We also prove the existence of 
a discriminating family with this property.) 

Now we can define irreducible elements in T as the images of irreducible elements in H. More 
generally, we define co-irreducible subgroups K as closcid subgroups of H (i.e. K-L-L = K) so that 
K-"- is i?d(F)-directly indecomposable. The motivation behind this definition is as follows. Notice 
that since in a given finitely generated partially commutative group G there are finitely many 
difl[erent canonical parabolic subgroups, so for a canonical parabolic subgroup K of EI (where EI is 
discriminated by G) there exists a subgroup Gk of G so that for a discriminating family {tpi} wc 
have that (pi{K) < Gk and for no proper subgroup G'^ of Gk there exists such a discriminating 
family. We show that given a co-irreduciblc subgroup K of H, there exists a discriminating family 
so that Gk is co- irreducible in G. In particular, Gk^ is a directly indecomposable subgroup of G 
and if Gk^ is not cyclic, then Cg(Gk-l) = Gk- For intuition, it is helpful to think that the image 
of the subgroup in T is the subgroup onto which the corresponding abelian (or surface) group 
retracts and so Gk-l is the directly indecomposable canonical parabolic subgroup where the abelian 
(or surface) subgroup is mapped by the discriminating family. 

Definition 8.2. To any graph tower T, we associate a partially commutative group H and an 
epimorphism tt : EI — )■ T. The partially commutative group EI is defined via its commutation graph 
F. The set of edges E{r) of the graph F is subdivided into two disjoints sets, the set of d-edges and 
the set of c-edges, i.e. E{r) = EdiT) U -^^(F), EaiT) n E^{T) = 0. Furthermore, the set of edges 
Ec{T) has the following property: 

(2) if {x, y), {y, z) e ^c(r), then {x, z) e ^c(r). 

For every subgroup K of H, abusing the notation, we denote the image 7r(]K) of K in T by K. 

We define a G-graph tower as an iterated sequence. We denote graph towers by T and write T', to 
indicate that the graph tower T' is of height I. 

A G-graph tower T" of height is our fixed partially commutative group G. In this case, the 
partially commutative group associated to T° is also G = G(Fo), all edges of Fq are d-edges and 
the epimorphism ttq is the identity. 

Assume that is a G-graph tower of height /—I, G(F;_i) is its associated partially commutative 
group and T'~^ = ^(^'~^Vncl{S';_i)- ^ G-graph tower l' of height Z, the associated partially 
commutative group G(Fi) and the epimorphism tt; : G(F;) — )• l' are constructed using one of the 
following alternatives. 
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Basic Floor. The graph F; is defined as follows 

• v{ri)^v{ri^^)u{x[,...,xl^}; 

. EdiTi) = Ed{Ti^i)U{{xlx^-^),t = l,...,mi,x^-^ = alph(K)}, where K is an ^d(ri_i)- 
co-irreducible subgroup of G(r;_i); 

• Ec{Ti) — EciTi^i) if the subgroup K-'- is directly indecomposable (as a subgroup of G(r;_i)) 
and 

• E,{Ti) = E,{ri_i)U{{x\,x'^) I l<i<j<mi}U{{x\,x'-^) \ 1 < i < m, x'-i - alph(K^)} 
if the subgroup is directly decomposable (we will show in Lemma 9.2 that, in this case, 
K-L is £'c(ri_i)-abelian). 

We set G(ri) to be the associated partially commutative group. It follows from the definition that 
G(r;_i) is a retraction of G(r;) and so is T;_i of '^^"'^^ Vncl(5; i)- 

The group is a quotient of ^(r')/ncl(5i_i) by ncl(5(a;', G(rz_i))), i.e. = "^^^'VucK^i-i, 5)' 
where the set of relations S is: 

• the set of basic relations [C.ji-i (K"*-), x'] = 1, 1 < i < m; . 
Abelian Floor. The graph F/ is defined as follows: 

• v{ri)^v{ri^^)u{xl...,xlj; 

• EdiTi) = Ed{Ti^i)U{{xlx^-^),i = l,...,m,,x'-i = alph(K)}, where K is an Ed{ri_i)- 
co-irreducible subgroup of G(F;_i); 

able (as a subgroup of G(F/„i)) and 

. £;,(F,) = S,(F;_i)U{(a;^,4) | 1 < i< j < mi}U{{x\,x'~^) \ 1 < i < m, x'-^ = alph(K^)} 
if the subgroup is directly decomposable (we will show in Lemma 9.2 that, in this case, 
K-L is £'c(Fi_i)-abclian). 

We set G(Fi) to be the associated partially commutative group. It follows from the definition that 
G(Fi_i) is a retraction of G(F,) and so is 1'-^ of "^(^'Vnc^S;-!)- 

The group T' is a quotient of '^^^''>/nd{Si^i) ncl(S'(a;', G(F/_i))), i.e. T' = ^(^'Vncl(S';_i, S*)' 
where the set of relations S is one of the following types: 

• the relations [Cji-i (u), x\] — 1, where u £ < G(F;_i) is a non-trivial cyclically reduced 
root block element; 

• the set of basic relations. 

Quadratic Floor. The graph F/ is defined as follows: 

• ^(fO-^(Fz_i)u{.t1,...,xL,}; 

• EdiTi) = Ed{Ti^i)U {{x\,x^~^),i ^ 1, ... ,mi,x^-^ = a\ph{K)}, where K is a £;rf(F^_l)-co- 
irreducible subgroup of G(F/_i); 



Eci^i) = Ec{Ti-i) U {{xl, x^j) \ I < i < j < mi} if the subgroup K-*- is directly indecompos- 
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• Ec{Ti) = Ec{Ti-i) if the subgroup K-^ is directly indecomposable (as a subgroup of G(r;_i)) 
and 

. E,{Ti) ^ E,{ri^i)U{{x\,x^j) \ l<i<j< mi}U{{x\,x^-^) \ 1 < i < m, x'-^ = alph(K^)} 
if the subgroup is directly decomposable (we will see in Lemma 9.2 that, in this case, 
K-L is £'c(ri_i)-abelian). 

We set G(r;) to be the associated partially commutative group. It follows from the definition that 
G(r;_i) is a retraction of G(r,) and so is 1'"^ of "^(^'Vnc^Sj^i)- 

The group T' is a quotient of ^(^^ )/ncl(5i_i) by ncl(^(a;', G(rz_i))), i.e. 1' = Vncl(5,_i, 5)> 
where the set of relations S consists of the set of basic relations {[Cji-i (K-*^), a;'] = 1 | 1 < i < nii} 
and a relation W of one of the two following forms: (oricntable) 

/o^ [X1,X2] ■ ■ ■ [x2g-l,X2g\u2g+l'"^<' + ^ ' ' ' = 

or (non-orientable) 

(4) Xl--- X%U2g+l'''^+' ■ ■ ■ W™"" =vl--- vlgU2g+l'"^^^' ■ ■ ■ U™'"" , 

where Ui , Vj , E and 

® either the Euler characteristic of W is at most -2, or W corresponds to a punctured torus 
and the subgroup {u^, Vj,Wk \ i,k — 2g + 1, . . . ,m, j — 1, . . . , 2g, ) of T'~^ is non-abelian, 
i.e. the retraction of the (punctured) surface onto T'~^ is non-abelian; 

®® or g -f m > 2 and 

— the subgroup ([wi,W2], • . • , [v2g-i,V2g],U2g+i^^^'^'^ , . . . ,Um"'") IS nou-abclian, where W 
is orientable or, 

— the subgroup {vf, . . . ,V2g,U2g+i^^^'^^ , ■ ■ ■ ,Um^'") is non-abelian, where W is non- 
orientable, 

i.e. the solution is not atom-commutative (see |KhM98al Definition 11]). 

Lemma 8.3. The graph tower admits one of the following decomposition as amalgamated prod- 
uct: 

al) T'-i*c,,_,(K-) (Cj.-i(K^) X {xl...,xlj) 
{if S is empty andK-^ is non-abelian) ; 

a2) T'-i *c„_i(K^) (Cj<-i(K^) X (xi,...,xj„, | [x^,^] = 1,1 < < mi,i^j)) 
{if S is empty and is abelian); 

bl) T'-i *c.^i-,{u} (C<ji-i(u) X {x{,...,xl,^ I [xlx^j] = 1,1 < «,i < mi,i^j)) 
{if S is abelian and u is non-trivial); 

b2) T'-i *c,,_i(K-) (Cj-i(K^) X {x{,...,x\,^ I [x\,x]] = 1,1 < i,j < mui^j)) 
{if S is abelian and is non-abelian); 

c) 1'"^ *c^,„i(k^)x(«2b+i,...,«„> ((M2s+i,.-.,Mm,a;'i,---,a;5„, I W) X Cy-i(K-L)) 
{ifW satisfies one of the properties ® and ®® from Definition 8.2 1; 
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Proof. The only decomposition that docs not follow immediately from the definition of a graph 
tower is c). From the definition, we have that 



where x = {x\, . . . ,xl^^}. We shall prove in Section 10 that the subgroup 
{Ct^i-i (K^), U2g+i, . . . , u,n) is the direct product of C-^i-i (K^) and (u2g+i, ■ • ■ , u„i) and hence de- 
composition c). □ 

Remark 8.4. 

• Since graph towers can be described as iterated sequences of amalgamated products, each 
graph tower naturally embeds into the graph tower T*+^. In fact, for each floor, there is 
a natural retraction of 1*+^ onto . 

• If the the graph tower is constructed using only basic floors, then T and H coincide, i.e. 
the graph tower is itself a partially commutative group. 

• Notice that graph towers are a natural generalization of the notions of w-residually free 
towers and NTQ-groups. Indeed, let G be a free group and assume by induction that T'~^ 
is an NTQ-group. 

By assumption, in cases al), b2) and c) the group is non-abelian. In particular, since 
limit groups have the CSA property, it follows that the centraliser C2:i-i(K-'-) is trivial. 
Therefore, case al) corresponds to the free product of the group T'~^ and a free group; 
case b2) corresponds to the free product of T'^^ and a free abelian group; and case c) 
corresponds to an amalgamated product of T'~^ with a surface group (so that the natural 
retraction of the surface to T'^^ is non-abelian). 

In cases a2) and bl), the subgroup K-'- is abelian. Hence, these cases correspond to extension 
of centralisers of maximal abelian subgroups, or equivalently, to an amalgamated product 
of T'~^ and a free abelian group (amalgamated by a maximal (in T'^^) abelian subgroup). 

We therefore obtain an NTQ-group. Notice that the difference with an w-residually free 
tower is that our construction is not canonical in the following sense. In the construction 
of an w-residually free tower, at a given floor one attaches all the pieces corresponding to 
the abelian JSJ-decomposition. In our case, pieces are attached one by one, hence the same 
graph tower can be constructed in several different ways (for example, at the same level 
one can flrst attach an abelian group and then a surface group or vice versa). 

• Notice that, in general, the centraliser of a set of elements in a partially commutative group 
is neither commutative transitive, nor malnormal, nor small (see |DKR07| ). Hence, the 
splittings we flnd do not correspond to the (abelian) JSJ decomposition, or, in terms of 
|BF09j ■ the splitting we obtain is not a GAD. Nevertheless, the decomposition we find 
plays the role analogous to the one the JSJ plays for limit groups: one can define modular 
automorphisms and show that under some restrictions on the decomposition (similar to 
the ones for constructible limit groups) , the groups we consider are discriminated using the 
retraction and appropriate modular automorphisms. 

• As mentioned above, edge groups that appear in the decomposition fail the necessary condi- 
tions for the existing JSJ theories: they are not abelian, slender or small etc. On the other 
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hand, the most general theory developed by Guirardel and Levitt, see |GL09j . requires the 
group to be finitely presented, while our groups do not need to be finitely presented. 

Nevertheless, it is conceivable that under appropriate definitions, the decomposition we 
obtain could correspond to a JSJ-decomposition where (in the terminology of |GL09| ) flex- 
ible vertex stabilisers are extensions of 2-orbifold groups with boundary (by centralisers) , 
attached to the rest of the group in a particular way. 

As we mentioned above, the construction of the graph tower is not canonical. In the case 
of free groups, Kharlampovich and Miasnikov, [KhMOSb] . described an elimination process 
based on the Makanin-Razborov process that gives an effective construction of the (cyclic) 
JSJ decomposition of a fully residually free group. If an appropriate JSJ theory is developed 
for the class of groups we deal in this paper, then one could modify the process developed 
in [CKllj to obtain a canonical construction of the graph tower. 




Figure 1. Graph tower of height 2. Edges of the graph correspond to commuta- 
tion of the generators. 



9. Graph Tower Associated to the Fundamental Branch 

The goal of this and the next sections is to show that, for a given limit group G over a partially 
commutative group G, one can effectively construct an embedding of G into a graph tower. In this 
section, we construct a graph tower 1 associated to G. In the next section, following the approach 
from |KhM 98b . we show that the graph tower 1 is discriminated by G and use this fact to prove 
that G embeds into T. 
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As we have already mentioned, the construction of the graph tower strongly relies on the process 
described in [CKllj . which given a finitely generated group G and a partially commutative group G, 
produces a diagram that describes the set of all homomorphisms from G to G. We now informally 
recall some of the notions and results from |CK11| . 

Given a finitely generated group G and a partially commutative group G, one can effectively 
construct finitely many constrained generalised equations rig, ■ • ■ , (see definition below) and 
homomorphisms tt^ from G to the coordinate group of the generalised equation Qi so that any 
homomorphism from G to G factors through the coordinate group of a generalised equation fli for 
some i = 0,...,™, i.e. for any homomorphism : G — > G, there exist i and a homomorphism 
■ G'/j(f2;) — >■ G SO that ip — TTiip' . 

Informally, a generalised equation T is a combinatorial object which encodes a system of equations 
over a free monoid. 



V 


n 




A(v) 




X 










A(X) 























1 2 3 4 5 6 7 8 

h h h h h h h 

1 2 3 4 5 6 7 



Figure 2. Simple quadratic generalised equation 

Items hi correspond to variables and each pair of dual bases /i, A(/i) defines the equation 
(hait,) ■ ■ ■ hp(f,)-if'^^'^ = iha(A{^,)) ■ ■ ■ hp(A{^,))-ly^^^''^^ ■ A tuple H = {Hi,...,Hp^) is a solution 
of the generalised equation T if Ha{p) ■ ■ ■ and Ha(A(p)) ■ • • Hp^A{p))-i are freely reduced 

words so that • • • isjraphically equal to (i?a(A(M)) ' ' ' ^^i(A(p))-i)''^^^''^\ for 

every pair of dual bases /i, A(/i), see |CK1H Chapter 3] for details. 

A constrained generalised equation fl = (T, 5Rt) is a generalised equation T together with 
a set of commutation constraints dir Q h x h associated to the variables ft, of T. A tu- 
ple H — (Hi,...,Hp^) is a solution of the generalised equation if -ffQ(^) ■ • • and 
Ha(A{fi)) ■ ■ ■ H p(^A(n))-i are geodesic words in G so that (i?ct(^) • • • is graphically equal 

to {Ha(A(jj.)) ■ ■ ■ ^^^J(A(/i))-i)^''^''^^\ for every pair of dual bases fi, A(^), and H satisfies the com- 
mutation constraints, i.e. Hi ^ Hj for all commutation constraints ^x{hi, hj). 

The coordinate group G/{(t) of T is the group '^[^Vi?(T)' where, abusing the notation, we denote 
by T the system of equations associated to the generalised equation T. The coordinate group GR(^n) 
of fl is the group '^[''■Vi?(ri); where, abusing the notation, we denote by the system of equations 
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associated to the generalised equation T and the set of commutation relations [hi, hj\ for all hi, hj 
so that dir{hi,hj). We denote by Gr (by Gn) the group '^['^]/ncl(T) (the group '^[^Vncl(f7))- 

In this section we primarily work with the groups Gq. However, the notions of canonical homomor- 
phisms, fundamental branch etc. are defined using coordinate groups of generalised equations. All 
these notions carry over from coordinate groups to the groups Gq and we use them in this context. 
For instance, by construction, the canonical homomorphism '!t{vo,Vi) : Gfl(0(,) — > G/jjjj^) is induced 
by a homomorphism from Gq^ to Gn^ which, abusing the notation, we also denote by Tr{vQ,vi). 
Similarly, any solution of f2 is induced by a homomorphism from Go to G, which we also denote 
hyH. 

The description of the set of homoniorphisms Hom(G; G) reduces to the study of the sets of solutions 
of the constrained generalised equations fli, i = 0, . . . ,m. 

Given a generalised equation fi, we described a process (analogous to the one described by Makanin, 
[Mak82[lMak84j and Razborov, |Raz85[|Raz87| . in the case of free groups) that produces a (possibly) 
infinite, locally finite, rooted tree T(n) which encodes the solution set of ft. Infinite branches of 
this tree are of three specific types: linear, quadratic or general type. The dynamics of these infinite 
branches determine specific families of automorphisms of the coordinate group associated to fl. One 
then shows that, using these families of automorphisms, one can produce a finite tree Tsoi(i^) that 
encodes the set of solutions of il, see |CK111 Theorem 9.2]. 

If the group G is a limit group over G, since the corresponding solution tree Tsoi is finite, it 



follows by Lemma 3.3 that there exists a branch of the solution tree Tgoi so that the subfamily of 
homomorphisms that factors through this branch is a discriminating family of G into G. We call 
this branch a fundamental branch of G. Any discriminating family of homomorphisms that factors 
through the fundamental branch is called a fundamental sequence. 

The goal of this section is, given a fundamental branch f^o —>••■—>■ f^q associated to the group G, 
to construct the graph tower Tq as well as a homomorphism tq from Go„ to Tq so that for every 
homomorphism ttqH from G to G of a discriminating family there exists a homomorphism H' from 
To to G such that the following diagram is commutative: 

(5) G 




The graph tower is constructed from a fundamental branch of G using induction on the height of 
the branch. One begins with the group associated to the leaf of the fundamental branch, which is 
a partially commutative group discriminated by G and keeps building the graph tower according 
to the type of epimorphism associated to the edges (or more precisely, the type of automorphism 
group associated to the vertices) of the fundamental branch. The types of automorphisms are 
intrinsically related to the different dynamics that appear in the construction of the tree T{^): 
linear type (exotic, Levitt, or type 7-10), quadratic type (surface, or type 12) and general type 
(axial -|- surface, or type 15). 
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The induction hypothesis at step q are as foUows: 

IH Given a generahsed equation ftq, there exists a graph tower {1q,M.q), where = G{Tg), 
and a homoniorphism Tq from Gq^ to 1q such that for every solution ij'^' of the fundamental 
sequence, there exists a homomorphism H^'^'>' : — > G that makes the diagram 

Go, ^1q 




commutative; notice that if tt^ : Mq — >■ Tg, then 'KqH^'''> is a homomorphism from to G 
that, abusing the notation, we also denote by H^'^^ . 

IHl for all generators Xi,Xj £ Mq, we have that {xi,Xj) e Ej_(rq) if and only if H^'^'>' {xi) ^ 
H^'i^'{xj) for all homomorphisms ff'''^' induced by a solution from the fundamental 
sequence; furthermore, we have that if {xi,Xj ) e i^c(rq) then (a;,), i?^"?) (x^) belong 
to a cyclic subgroup for all homomorphisms iJ*-') induced by a solution ij'''' from the 
fundamental sequence; 

IH2 for any item if t(/i|'^^) = yn-.-Vik, then KiH^'i^' {y,^)) D H^'f^) and 

n A(i?(9)'(yy)) = K{H'f^) for aU solutions i?^^) of the fundamental sequence and ho- 

momorphisms i/*-'-* induced by i/'^''-'. 

The induction hypothesis IH is a natural assumption which is needed to prove that G embeds into 
To- The induction hypothesis IHl and IH2 are essential to keep control on the "type" of subgroups 
whose centralisers we extend. Furthermore, they will be crucial in the next section in order to show 
that graph towers are discriminated by homomorphisms induced by solutions of the fundamental 
sequence. 

Remark 9.1. We would like to mention the following facts from [CKllj that will be used in the 
course of the proof. 

(1) In the construction of the process in |CK11| . we define several different trees. Of special 
interest to us are the tree T{ri) (with infinite branches) and the finite tree rsoi(^)- 

(2) Groups corresponding to the leaves of Tsoi(l^) are explicitly described (see |CK1H Proposi- 
tion 9.1]). 

(3) Without loss of generality, one can assume that the word H{<t), where u is a closed section 
of and is a solution of the constrained generalised equation 57 is a subword of a word 
in the DM-normal form (see |CK111 Section 3.3.1]). 

(4) Automorphisms associated to the vertices of the tree Tso\{^) are completely induced (see 
|CK11[ Section 7.1]). Roughly speaking, this means that solutions (in the partially com- 
mutative group G — (A)) of a constrained generalised equation are induced by a solution 
(in the free group F{A)) of the corresponding generalised equation (over the free group). 
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Before turning our attention to the construction of the graph tower, we further discuss two key 
notions for the construction. 

We first clarify the structure of orthogonal complements K"*" of co-irreducible subgroups and justify 
the somewhat non-intuitive definition. The structure of K-'- allows us, a posteriori, to establish that 
a discriminating family of the graph tower maps a co-irreducible subgroup K into a closed subgroup 
of G and the subgroup IK-*- into a directly indecomposable subgroup (which we treat differently 
depending on if it is cyclic or non-abelian) . 

Secondly, we introduce the notion of a tribe. This notion plays a crucial role in the study of the 
dynamics of infinite branches. It is intrinsically related to the fact that one can define some "finite 
hierarchy" (finite partial order) on the type of constraints associated to the variables. We will 
see that one can interpret this partial order as a measure of complexity on the constraints. For 
this notion to be well-defined, it is essential that the partially commutative group G be finitely 
generated. 

Co-irreducible subgroups. The definition of co-irreducible subgroup might seem somewhat arti- 
ficial since we ask that the subgroup K-^ be ii^d(r)-directly indecomposable. In the following lemma 
we clarify the structure of the subgroup K-*- in the group H. 

Lemma 9.2. Let (T, H) be a graph tower that satisfies the induction hypothesis IH and IHl. Then, 
i/ is an Ed(T)- directly indecomposable canonical parabolic subgroup o/H, then is either a 
directly indecomposable subgroup o/H or Ec{T)-abelian. 

Proof. Let H — G(r). If follows from the induction hypothesis IHl that if {x,y) G -E'c(r), then 
(x, z) e Ea{T) if and only if {y, z) G Ea{T). 

Assume that K-*- is directly decomposable, but £^£i(r)-directly indecomposable in H. Without loss 
of generality, assume that ^ Ki X K2. We use induction on the rank of K2 to prove that then 
K-L is i;c(r)-abelian. 

Suppose that K2 has rank 1, i.e. K2 = {x) . Let alph(Ki) = alph(Ki c) U alph(Ki^) where 
alph(Ki,,) = {y e alph(Ki) | {x,y) e ^^(r)} and alph(Ki^d) = {y e alph(Ki) | {x,y) e Ed{T)}. 
Since is £'£j(r)-directly indecomposable, we have that Ki 7^ ^i,d- If = ^i,c, then since 
the set EciT) satisfies condition ([2]), it follows that K-'- is i?c (r)-abelian. Otherwise, we have 
that {x,kd) & Eci{T), for all kd G Ki.^ and {x,kc) G Ec{r) for all kc G Ki,c- It follows from 
the above observations that (k^jkc) G Ed{r) for all kd G Ki ^j and for all fc^ G ^ and hence 
K-^ = Ki d X {^i,c,x) is £'c;(r)-directly decomposable - a contradiction. 

Assume that K2 has rank r. Let a; G Ki and let alph(IK2) = alph(K2.c) U alph(K2^rf), where 
alph(K2,c) = {2/ G alph(K2) | {x,y) G E,{r)} and alph(K2^d) = {y G alph(K2) | (x, y) G ^^^(r)}. 
Notice that since by assumption K-*- is i?d(r)-directly indecomposable, we have that the set 
alph(K2,c) is non-empty. As above, it follows that K-^ = (Ki U K2,c) x ^2,d and the rank of 
K2.d is strictly less than the rank of K2. By induction we conclude that is i?c (r)-abelian. □ 

Tribes. Let {A(S'i), . . . , A(S'm)} be the finite set of distinct canonical parabolic subgroups of G = 
(A), where Si C A, i = 1, . . . ,m. 



Let n — (T, SRt) be a generalised equation. Since there are only finitely many canonical parabolic 
subgroups of G, by Lemma 3.3 there exists a fundamental sequence so that for every item hi (base 
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fj,, section a) of D,, there exists a canonical parabolic subgroup G^. (G^ and Go-, correspondingly) 
such that (alph(i/i)) = G^. ((alph(i7(/i))) = G^ and {alph{H (cr))) = G^, correspondingly) for 
every solution H of the discriminating family. 

A tribe of is a set of items, bases and sections of fl. Given a fundamental sequence, we say that 
an item hj (or a base, or a section) of O belongs to the tribe ti if and only if for the fundamental 
sequence one has that A{Ghj) — A(S'i) (or A(G^) = A(5'i), or A(Gct) = A(S'i), correspondingly), 
for some i = 1, . . . , m. Notice that, in general, two items /ij, might belong to the same tribe 
although G/ij. ^ Grh^- Furthermore, if ^rihj, hk), then hj and hk belong to different tribes since for 
every solution H of the fundamental sequence one has that Hj ^ H^. Abusing the notation, for a 
tribe ti we denote by A{ti) the canonical parabolic subgroup A{Si), i.e. the set of letters ak & A so 
that for every hj e ti we have Hj ^ Ok- For an item hi (base /x, section a) of we set t{hi) (t(/u) 
and cr(/i)) to be the tribe to which hi (ii or a) belongs. 

We say that a tribe tj dominates the tribe ti and write tj >- ti if and only if A{tj) > A{ti). The 
relation )^ is a partial order on the set of all tribes. A tribe is minimal with respect to >- if and only 
if it does not strictly dominate any other tribe. 

Let Q — (T,5Rx) be a generalised equation and assume that 3?x(^i,/ife)- Then, for any solution 
H of n, we have that Hi ^ Hk- If hj belongs to a tribe that dominates the tribe of hi, it 
follows that Hj ^ Hk for all solutions H of SI. Hence, every solution of is a solution of fl' = 
(T,5RxU{(/i„/i,)}). 

Definition 9.3. We say that the set 3?t is completed if for all hj that belong to a tribe that 
dominates the tribe of hi, if yt-^{hi,hk) then '^y(hj,hk)- In particular, if two items hi and hj 
belong to the same tribe, then ^r{hi,hk) if and only if ^r(hj,hk)- Moreover, if hj belongs to a 
tribe that dominates the tribe of hi, then ^x{hj) 2 ^-f{hi). 

Remark 9.4. Without loss of generality, we further assume that for all generalised equations 
ft — (T, dir) the sets 3?t are completed. 

Lemma 9.5. Let Vl' = (T',3fix') be obtained from = (T,3fix) by an elementary transformation 
ET 1 — ET 5 or a derived transformation D 1, D 2, D 3, D 5, D 6 and let tt be the corresponding epimor- 
phism, TT : Gji(^n) Gfl(n')- Letwi{h') = h'^{^ ■ ■ ■ h^,^^\ eij = ±1, j ^ 1, . . . ,ki, i = 1, . . . , pn-1, be 
the image of hi under n. Then, for every j the tribe t(h[j) dominates the tribe t{hi). Furthermore, 
every minimal tribe of VL' dominates a minimal tribe offl. 

Proof. The statement is clear for all the transformations but ET4 and ET5. From the description 
of ET5, it follows that if p^' = pa, then 7T{hi) = h'^^ for all i. By definition of a solution of 
generalised equation, for every solution H of fi, we have Hi = H[, and hence the statement. 

Suppose now that psi' > Pn- Then, irihi) — h'^. for all i ^ q and 7r(ft,g) = h'^,_^h'^, (here we use the 
notation from the description of ET5, see [CKllj ). Since for every solution H oi Q we have that 
Hq = H'^,_^H'^,, the first statement follows. Furthermore, if for some j the tribe t{h[.) (or t{h'^,_^) 
or t{h'^,)) is minimal in f2', then it dominates the tribe t{hi) (or t{hq)), which is also minimal. 

The proof for ET 4 is analogous and left to the reader. □ 

By construction, every boundary of the generalised equation in f2j+i either corresponds to a bound- 
ary of ^li or it has been introduced between I3{pi) — 1 and p^^ in fij. It follows that if the boundaries 
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j and j + 1 of 17,4-1 correspond to boundaries between k and fc+1 in fli, then the tribe of an item hj in 
the generahsed equation 17^+1 dominates the tribe of hk in fli. Applying this argument recursively, 
we conclude that if 17/, Z > z has been obtained from Vli by a sequence of entire transformations 
and the boundaries j and j + 1 of Qi correspond to boundaries between k and A; + 1 in 17^, then the 
tribe of an item hj in the generalised equation fli dominates the tribe of hk in Cli. 

Let be the tribe of a base fi in f2. Then, the tribe of every item covered by fj, dominates t(fi). 
We note that the tribe of fi in fli is dominated by the tribe of /i in fii+i (unless /i is completely 
removed when passing from fli to fii+i). 

Base of induction. If the height q of the fundamental branch equals 0, then the group G^g is the 
group associated to the leaf of the tree Tsoi{G). By the description of the leaves of the tree Tgoi (see 
[CKIH Proposition 9.1] and its proof), it follows that is a partially commutative group, which 
is fully residually G and it is built from G by a sequence of extensions of centralisers of directly 
indecomposable canonical parabolic subgroups. Hence, in our terms, this partially commutative 
group is a graph tower over G, where each floor is basic, and at each floor = Hfc (and Tk is the 
identity). 

If the variables Xi,...,^;^. extend a centraliser of a cyclic canonical parabolic subgroup (oj) in 
G(rfc_i), then the subgroup {ai,xi, . . . ^xi^) in (G(rfc) is free abelian and, by definition, the edges 
{ai,Xi), {xi,Xj) belong to Ec{Tk)- All the other (new) edges belong to EdlTk). 

From the construction of the leaves of the tree Tsoi{G), see |CK11[ Proposition 9.1], we obtain that 
the graph tower satisfies the induction hypothesis: 

• the graph tower (T = Hg,!!^) trivially makes Diagram ^ commutative; 

• by definition of a solution of a generalised equation and since H' — for all Xi,Xj G Hg, 
we have that (a;|^\ x'j^^) e EdiTq) if and only if H'{xi) ^ H'{xj) for every homomorphism 
H' induced by a solution H from the fundamental sequence; furthermore, if {x^^Xj) € 
Ec{Tq), then H'{xi), H'(xj) belong to the same cyclic subgroup for every homomorphism 
H' induced by a solution H from the fundamental sequence; 

• since Tq : Gn^ — > Hq is the identity, it obviously satisfies the hypothesis III2: if Tq{hi) = 

k 

yn... Uik-, then k{H'{yij)) D A(i?,) and f] k{H'{y^.j)) = k{Hi) for all solutions H of the 

i=i 

fundamental sequence and homomorphisms H' induced by H. 

Step of Induction. Suppose that the graph tower Ti exists and the induction hypothesis IH, 
IHl and III2 are satisfied for all groups Gqi so that the fundamental sequence for Gj^^fii) has 
length less than or equal to q — 1. We show how to construct the graph tower Tq for groups Gq^ 
whose fundamental sequence has length q and prove that the graph tower satisfies all the induction 
hypothesis. 

We construct the group Tq starting from the graph tower Ti. The construction of To depends 
on the type of the branch through which the fundamental sequence factors through. It follows by 
construction of the tree T{il), see [CKll. . that solutions of the fundamental sequence 
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• either factor through a finite branch of the tree T(r2o); in this case, every solution of the 
fundamental sequence factors through the group G_R(n„) associated to the leaf v of T{flo) 
(and so the automorphism group needed for the description of solutions of the fundamental 
sequence is trivial), where the length of the fundamental branch for f2„ equals q — I. 

• or they factor through an infinite branch of the tree T(i7o)- By [UKlll Lemma 4.19], there 
are three different types of infinite branches: 

(1) infinite branch of type 7-10; in this case, every solution of the fundamental sequence is 
the composition of an automorphism from the automorphism group associated to the 
vertex of type 7—10 (i.e. automorphisms invariant with respect to the kernel), the 
epimorphism tt{vq,vi) and a homomorphism from Gjk^q-^^ to G. 

(2) infinite branch of type 12; in this case, every solution of the fundamental sequence 
is the composition of an automorphism from the automorphism group associated to 
the vertex of type 12 (i.e. automorphisms invariant with respect to the non-quadratic 
part), the epimorphism 7r(uo,wi) and a homomorphism from G^k^q^) to G. 

(3) infinite branch of type 15; in this case, we have again two alternatives: 

— either the fundamental sequence goes through a vertex of type 2, i.e. the fun- 
damental sequence factors through a generalised equation singular (or strongly 
singular) with respect to a periodic structure and so every solution is a com- 
position of an automorphism associated to a vertex of type 2, the epimorphism 
tt{vo,vi) and a homomorphism from Gj^^a^-) to G; 

— or else, every solution of the fundamental sequence is the composition of an 
automorphism from the group of automorphisms generated by automorphisms 
invariant with respect to the non-quadratic part and automorphisms associated 
to regular periodic structures, the epimorphism 7r(wo,wi) and a homomorphism 
from Gfl^fo^) to G. 

The rest of this section essentially relies on the analogue of the Makanin-Razborov process described 
in |CK11) . Although our intention is to make the exposition as self-contained as possible, the reader 
is referred to |UK11| for notions and notation not explicitly defined here. 

9.1. Trivial group of automorphisms. If the group of automorphisms associated to a vertex of 
the tree Tgoi is trivial, we set To = Ti, Hq = Hi and tq to be it{vo,vi)ti, where ri is the homo- 
morphism from Gjii to Ti that makes Diagram ^ commutative. If the group of automorphisms 
is trivial, any homomorphism of the fundamental sequence factors through Gjk^q-^-j and so tq and 
To make Diagram ^ commutative. 

9.2. Quadratic Case. In this section we study the quadratic part of a generalised equation in 
three steps. Firstly, we use the dynamics of an infinite branch of type 12 (surface type) in order to 
understand the set of constraints 3?x of a generalised equation ft = (T, 3f?x) that repeats infinitely 
many times in the infinite branch. More precisely, we show that all items of the quadratic section 
that are not fixed by the group of automorphisms assigned to the vertex belong to the same minimal 
tribe and so, in particular, all of them commute with the same set of items. Furthermore, items 
of the quadratic section that are fixed by the automorphisms belong to tribes that dominate the 
minimal tribe (the one defined by any of the items which is not fixed by the automorphisms). 
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Once we have established these relations between the tribes of items of the quadratic part, we use 
them to prove that there exists an automorphism of the group Gq that fixes the non-quadratic 
part and presents the quadratic part as a quotient of a partially commutative group by a surface 
relation. 

Finally, we construct the graph tower and show that it satisfies the corresponding induction hy- 
pothesis. 

Analysing Constraints. Let us begin with the analysis of an infinite branch of type 12. Let f2 = 
(T, Jftx) be a quadratic constrained generalised equation of type 12. Throughout this section we will 
be mostly concerned with the active bases, boundaries, items etc., i.e. bases, items and boundaries 
of the (active) quadratic part. When no confusion arises, we will omit saying that the bases (items, 
boundaries etc.) are active. 

Let us consider an infinite branch of type 12 in the tree T(f2), 

flo ^ ill ^ . . . 

Then, by |CK11[ Lemma 7.12], there exists a generalised equation 17^0 that repeats infinitely many 
times in the infinite branch: fij-g = 17^1 = . . . Without loss of generality, we assume that vq — 0. 
Furthermore, the canonical epimorphism TT{ri,rj) from Gn^, to Gji^. is an automorphism of Gji^. . 
In fact, since there are finitely many different generalised equations appearing in the infinite branch, 
without loss of generality, we may assume that every generalised equation of the infinite branch 
appears in it infinitely many times. 

Recall that, since the branch is infinite and ilo repeats infinitely many times, we have that the 
complexity, the number of active bases and the number of items is constant throughout the branch, 
i.e. comp(r2i) = comp(f2i-|_i), nA{^i) = nA(yii+i) and pQ. = poi+i for all i. Furthermore, if pi is 
the carrier of fi;, then every fii-tying introduces a new boundary. There is a natural one-to-one 
correspondence between the bases of fli and ili+i- Namely, the base fii in fii+i is the only leading 
base which is not the carrier and all the other bases are naturally preserved. Hence, we may assume 
that the sets of bases of ili and fti+i coincide. 

Lemma 9.6. Let fl be a generalised equation of type 12 that repeats infinitely many times in the 
infinite branch. Then, the active part of the generalised equation 17 has only one closed section. 

Proof. Suppose, on the contrary, that contains more than one (active) closed section: [1, i] and 

For every n we partition the set of bases BS{il.n) of fin into two. Let L{iln) be the set of bases A of 
ri„ so that a{X) and /3(A) lie to the left of the boundary i of il. Set i?.(r2,i) to be the set of bases A 
of iln so that a{X) and /3(A) lie to the right of the boundary i of 17. Since the boundary i is closed 
in n, it follows that S5(r2„) ^ LUR. 

Notice that if A G R{fln), then A G i?(fi„+i). 

We first observe that the carrier base of iln belongs to £(fi„) for all n. Indeed, if ilk+i is the 
generalised equation so that its carrier fik+i belongs to R{flk+i) and for all n < fc the carrier /i„ of 
ri„ belongs to L(r2„), then it follows that n^(f2j,) > n^(f2j,+i) - a contradiction. 
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We now show that if G R{il) and A(i/) E L{fl), then A(i/) is never carrier. Assume the contrary, 
i.e. A(i^) = fii is the carrier of Slj for some I. Let A be a transfer base. In the infinite branch, the 
base A is transferred infinitely many times. Let fim be the next time A is transferred. It is clear 
that the carrier /i^ belongs to i?(f2„i), deriving a contradiction with the above observation. 

Since, the generalised equation Q repeats, it follows that no boundaries are introduced between 
a(A(i/)) and f3{A{i/)). This derives a contradiction with the assumption that the section of 
is active. □ 



Let A be a base of ft. We call the number 1{X) — /3(A) — q;(A) the length of A (in O). We call the 
base short if l(X) — 1 and long otherwise. 

Let Ai and A2 be two long bases of ft. Notice that since there are no free boundaries in fl and since, 
by Lemma |9.6[ the generalised equation Q, has only one active closed section, then every boundary 
touches precisely two bases. Therefore, the bases Ai and A2 either do not overlap or if they do, 
then a(A2) /3(Ai) - 1 or a(Ai) = /3(A2) - 1. 

(r) 

For every generalised equation Q,r from the infinite branch and any ' € fir, the set of words 
{T:{vr,Vs){hf''^) \ s > r,flr = fls} is either finite or infinite, i.e. the orbit of an item under the 
automorphisms associated to Qr is either a finite or an infinite set. Define the set J-'{flr) to be the 
set of items of fir for which this set is finite and let ^{flr) be its complement. 

Notice that by the description of automorphisms associated to a generalised equation of type 12, 
see |CK111 Lemma 7.7], any item that belongs to a quadratic-coefficient base of fir or does not 
belong to the quadratic part is fixed by the automorphisms, and so belongs to the set T(flr). 

Let hf^^ e T{flo) and let 

{c/?s(/lf^) I ips = 7r(wo,Ws)(/lf^),rio = f^s} = {Wil, . . ■,Wik} 

be the orbit of h'f' by the family of automorphisms {v?s} associated to the vertex vq. Observe that 
the set of solutions 

that factors through the fundamental branch is a discriminating family, where (ps is an automor- 
phism associated to the vertex corresponding to flo, fli belongs to T soiiflg), the epimorphism 
TT : Go(j — >■ is proper, and H^^^ is a solution of fli. By Lemma 
finitely many subfamilies 

Fj = {ifis^TTH^^^ I H^^^ is a solution of fli}, 

where ips-ihf^"^) — Wij, j = 1,. . . ,k, is discriminating. Hence, without loss of generality, we may 
assume that if h'f' G J- {flo), then 1^93 (/ij-"-') = w. 

We therefore arrive at the following 

Remark 9.7. If /if' e -F(f^o), then ipT:{vo,vi){hf^) ^ wih^^^), where w(/i(i)) is a word in items 
from f^i, such that for a discriminating family of solutions H'^^^ — ip'k{vq, vi)H^^^ of the fimdamental 

sequence, we have that -fff"'' w{H^^^). We will show that, in fact, one can think of these items 
as quadratic-coefficient. 



3.3 



it follows that one of the 
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Let = flo be so that for all /if' e we have that Tr{vo,vi){h[°^) = ^(/i^")) = h[l^ ■ ■ ■ h\l^ . 

For all s' > s such that fig' = Hq, we have that 

From the definition of t:(vs,Vs'), we conclude that Tr{vs,Vs' 

){hl'^) = h\''^ and so /if' e J'ifl,) and 

7r(w^,i;t)(/if') = /i^\ for ah s < / < s', Qs'. 

Remark 9.8. Without loss of generality, we may assume that for a fundamental sequence, we 
have that /if € J-{i^o) if and only if (/3s(/if = /if for all s so that ils = f^o- Therefore, for the 
discriminating family, one has that iJ^^' — H^^\Tr(hi)), where tt : Gfl(f2^) — > Gj^^fi-^-^ is the proper 
quotient in the tree Tsoi(rio) and H^^^ is a solution of f^i. 

Furthermore, we have that if /if g ^"(f^o) then 7r(wo, Wt)(/if ) = /il^' e J'(f^t) for all t > 0. Hence 
|-^(f^o)l ^ • • ■ ^ l-^(^t)l ^ • ■ • Then, since the number |J^(f2o)| is bounded above by po^ = p^^, 
without loss of generality, we may assume that the number |J-"(r2o)| is constant throughout the 
branch, i.e. \T{no)\ = |J^(f^t)l for aU /. 



Given a generalised equation fl, we define m(r2) to be the set of minimal tribes of the generalised 
equation: 

m{ft) = {t{hj) I hj E H{fl) and t{hj) does not strictly dominate t(hk), for all hk G H{ft)}, 
and h{DJli{fl)) to be the set of items that belong to a given minimal tribe 371^ of 51: 

h{m,{n)) = {/ij e nin)} \ t{hj) e e m{n)). 

We draw the reader's attention to the fact that the minimal tribes are defined using the items from 
T-KQ), which, by definition, are active. 

Lemma 9.9. In an infinite branch of type 12, there exists i G N so //la/ m(f2i) — vn.{flj) for all j > i. 
Furthermore, the cardinality of the set h(Dyik{^i)) is constant, i.e. \h{DJIlk{^i))\ = |/i(2Jlfe(r2j))| for 
every minimal tribe OTfe G m{fli) = m{^j). 



Proof. Since the generalised equation repeats infinitely many times, flrg — fin — . . . and since 
there are finitely many different tribes, for sufficiently large i and passing to a subsequence = 

= . . . , we may assume that the tribe of every item hf. ^ is the same, i.e. /(/ij, '° ) = /(/ij, ^ ) 
for aU j G N. Hence m(ri^,J = m{nr^,) and |/i(9JTfc(flr,J)| = \h{mk{^r, .))\ for all Mk G m(flr,J = 
m(51ri .)- To simplify the notation, set iq = 0. 

It follows from the above equalities that in order to prove that m{fli) — va{ilj) and that 
\h{mkini))\ = |/i(%(17j))| for ah i,j G N and Mk G m(f7i), it suffices to show that m{n,) 2 
m{n,+i) and that |/i(OTfc(r!,))| > \h{mkin,+i))\. 

Let /i be the carrier of fli, let j,j + 1 be the boundaries that touch a transfer base (that is j + 1 < 
/3(/i) — 1) and let &(j)) be the corresponding boundary connection introduced in the entire 



transformation. Suppose that b{j) is introduced between l{b{j)) and l{b{j)) + 1. By Lemma 9.5 



it follows that dominates tih!]^^) and t{h'^^^^'') dominates t{h^^f^^^.y.^) . Therefore, we have 

that m(52i) D m{n^+i) and |/i(97lfc(rj,))| > |/i(9Jtfc(fl,+i))| for ah minimal tribes SOtfe. □ 
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We call the items of D,i that belong to a minimal tribe minimal. 

Recall that the carrier base fii of Qi is a long base. Since there are no free boundaries, there are 
exactly /3(/ii) — 1 transfer bases and all of them are short. Moreover, /i^ is a short transfer base of 
fli+i, see Figure [2] 

Definition 9.10. Let fj, be the carrier base of fl. We take the (uniquely defined) transfer base A 
so that a{X) = 1 and we fi-tie the boundary 2 = /3(A). We then transfer A from /x onto A(/z). 

Now, we cut /i in the boundary 2 and delete the section [1,2]. 

It follows from the definition that the (usual) entire transformation D 5 is a composition of the 
transformations just introduced (namely of /3(/i) — 2 such transformations). From now on, we abuse 
the terminology and refer to the introduced transformation as to the entire transformation and 
refer to the usual entire transformation as to D 5 or complete entire transformation. 

Lemma 9.11. In an infinite branch flo ^ fli ^ . . . of type 12, there exists a generalised equation 
f2p such that 

(p) 

Case A: either the item h\ belongs to a minimal tribe offlp, 

Case B: or the entire transformation introduces a new boundary in an item that belongs to a 
minimal tribe of flp . 



Proof. Let h^^^"^ be a minimal item of Qro- Since h^'j'"^ e 'H{^lro), by definition of the set Hiflrg), 

the orbit of h^^°^ under the automorphisms associated to fi^o is infinite. Therefore, there exists 

p e N so that 

k(ro,i)(/if''^)| = 1, for ah i < p and |7r(ro,p + l)(/if"')| > 2. 

Hence, 

• either a base covering the item 7r(ro,p)(/i^'^°^) — h^^ is transferred (Case A of the lemma) 
and so, by Remark 9.8 one can assume that jp = \, 

• or, in the entire transformation of the generalised equation fip, a new boundary is introduced 
between the boundaries jp and jp + 1 (Case B of the lemma). 

Furthermore, since 7r(ro, i){h^p^^) — for all « < p, it follows that the tribe of h^^ is the same for 

all i <p, i.e. t{h'"p) = t{h^^°^). Hence li h!^ belongs to a minimal tribe StJlfc in VLq, then h'"^ also 
belongs to the tribe 971^; and, by Lemma 9.9 OTfc is a minimal tribe in fip. □ 

Lemma 9.12. In an infinite branch of type 12, 

Vli ^ . . . , 

where VLi is obtained from VLi^i by an entire transformation, there exists a g enera lised equation Jlfc 



of the infinite branch such that the item h^'^^ is minimal (Case A o/ Lemma 9.11 holds) 



Proof. By Lemma 9.11[ it suffices to show that if in the infinite branch there exists a generalised 
equation that satisfies Case B of Lemma [9. Ill then there exists a generalised equation that satisfies 
Case A. 
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Without loss of generahty, we may assume that the generahsed equation fig satisfies Case B of 



Lemma 9.11 i.e. the entire transformation introduces a boundary connection (2,/i, b(2)) and the 
boundary b(2) is between the boundaries l{b(2)) and l{b{2)) + 1, where fj, is the carrier base of JIq 
and ^[("^2)) ^ minimal item that belongs to some minimal tribe SUt. 

Since, by Lemma [9. 9[ the number of minimal items of a fixed minimal tribe $H in the infinite branch 
is constant, it follows that either h'^flf^^^^ or h^^^^^ is minimal and belongs to 9}t. If ^[,^(2) ^ h{dyi), 



then, by Lemma 9.5 hf"^ e h(JM) and hence flo satisfies Case A of Lemma 



9.11 



Assume now that minimal and belongs to 971. Let k be so that for all the boundary 

connections (i,^, b(i)), z = 2, . . . , fc - 1, one has ((b(i)) = 1(K2)) and l(b(fc)) > [(b(2)). 



Suppose that i = 1, . . . ,k — 1, does not satisfy Case A of Lemma 19. Ill Then, since the number 

. (k) 

of minimal items of the minimal tribe 9Jl is constant in the infinite branch, it follows that hj^^j^^i^^ 
is minimal and belongs to ft,(9Jt) (note that here fc — 1 is the boundary of fig)- By definition of k 



and Lemma 



9.5 



we have that the tribe of hi''), ,^ dominates the tribe of and hence, is 



minimal and belongs to h{dJl). We conclude that the generalised equation ilk falls under Case A 
of Lemma [9311 □ 

Lemma 9.13. Let CIq be a generalised equation of type 12 that repeats infinitely many times in the 
infinite branch. Let fi be the carrier of f^o ^''^d let h^^^ be an item from a minimal tribe 9H. Then, 
the item h^p^^^-^_i is also minimal and belongs to /i(9Jl). In particular, the item /i^^' of fli, where fli 
is obtained from fig by a complete entire transformation is minimal and belongs to h{Wl). 

The tribe of every item covered by fj, dominates the minimal tribe 9Jt of h^^"^ . Furthermore, if an 
item hf'^ covered by fi strictly dominates the minimal tribe, then TT{vo,Vi){hf'') = h^p and, in 
particular, hf*^ € J^(ilo)- 

Proof. Recall that every /i-tying introduces a new boundary. We only consider the case when 
e(A(/^)) = e{fi) = 1. The remaining cases are analogous. We ^-tie all the boundaries 2, . . . , /3(/i) — 
1 thus introducing boundaries 't.2, ■ ■ • , '^;g(/i)-i between the boundaries 1(712) and 1(71,2) + 1, 
K"^(/i)-i) and l(7i^(^)_i) + 1. We will denote the corresponding items of fli by h'^Jly and 



Since the number of minimal items of a fixed minimal tribe in the infinite branch is constant, it 
follows that at least one of the items h^^^-^ and hn} belongs to ft-(2t). Hence, the item hf^r^^ of fig is 

minimal and belongs to ft.(S!Jt). Therefore, since the number |/i(9}l)| is constant both ^,[^^2^ and hn} 
are minimal and belong to /i(2Tt). 

If [(3) > [(2), we conclude that the item h^2^ of Jig is minimal and belongs to h{ySX). Either 1(2) = [(3) 
or, otherwise, we can repeat the above argument for /i2- Let 771 be maximal so that [(2) — {{m). 
Then, the items h^n} of Q.i belong to the same tribe as the item hf^ of ilg, 7 = 2, . . . , ttj — 1, and 
since the number |/i(93t)| in the infinite branch is constant, then minimal and belongs to 

h{m). It foUoAs 
argument for h^ 



/i(9H). It follows that the item h^m is minimal and belongs to /i(StJl), hence we can repeat the 



I'm • 
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We conclude that the item hp^^^^_^ of Oq is minimal and belongs to as so does the item 

Notice that we have shown that for any item hf'^ covered by /i, if < l{i + 1), then the tribe 
of hf'^ is minimal and belongs to h{dyV). Furthermore, all the boundaries are introduced in items 
whose tribe is COT. Hence for any covered by /i such that = l{i + 1), we have that its tribe 
dominates the minimal tribe dJl of h^^\ □ 

Remark 9.14. From the proof of Lemma fQ.lSI it follows that, under the assumptions of the lemma, 
the image of the minimal item /i|^2^ of under 7r(tio,wi) is h'^^^^s^hn] and both of the items h^^^y 

hn} are minimal. 

Lemma 9.15. Let fig be a generalised equation of type 12 that repeats infinitely many times in the 
infinite branch. Then, in the infinite branch, all bases of fig , but, perhaps, bases v contained in the 
long base A so that /3{X) — p^, are transferred infinitely many times. 

Proof. Notice that, without loss of generality, we can assume that if a base is transferred, then it 
is transferred infinitely many times in an infinite branch. 

Consider the long base A of JIq so that /3(A) = pA- Let C(A) be the set of bases contained in A. 
If either A or any of the bases in C(A) is the carrier base or is transferred in some generalised 

(k) 

equation of the infinite branch, say f2fc, then h\ is an item with boundaries inside one of the items 
^q(a)' ■ ■ ■ ' '^^'(A)- Hfince, the section [1, a(A)] of ilo (and so all the bases in this section) has been 
transferred and the statement follows. Notice that since the base A is long, for a base contained in 
A to be a carrier base of a generalised equation 17^, it is necessary that A(A) or A be the carrier 
base of a generalised equation fij, where / < k. 

Assume further that A and the bases from C(A) are neither carrier bases nor transfer bases. 

Without loss of generality, we may assume that there exists a base 77 G C(A) U {A} so that A (77) 
is the carrier of some Vlk- Indeed, suppose that A(?7) is neither carrier nor transfer base for all 
?/ € C{X) U {A}. In this case, the section [a(A),/3(A)] can be declared non-active and we can set 
Pa to be a(A). Similarly, if some base A(ry) is transferred but for all generalised equations we have 
(3{A{ri)) — a{A{T])) = 1, then the section [a(A),/3(A)] can be declared non-active and we can set 
Pa to be a{X). Finally, assume that a base A(?7) is transferred and for some generalised equation 
we have that /3(A(?7)) — a(A(77)) > 1. Since A(77) is transferred infinitely many times and transfer 
bases are always short, it follows that before being transferred, the base A{ri) must be a carrier 
base (since this is the only way a long base can become short). Therefore, there exists a base 
rj G C(A) U {A} so that A(?7) is the carrier of some flk- 

Note that since the branch is infinite, every /x-tying introduces a new boundary. Since there exists 
a base ry G C{X) so that A(77) is the carrier of some generalised equation, say ftk, at this step the 
new boundaries are introduced in the section [a{X), /3(X)]. Hence, for the generalised equation Qq 
to repeat, there must exist I so that A (A) is the carrier of ili. 

Notice that, in particular, we have shown that in the assumptions of the lemma, either A or its dual 
A (A) is a carrier base. 
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Suppose that e(A) • £(A(A)) = —1. Then, in the generaUsed equation fli+i we have /3(A) < pA- 
Hence, for the generaUsed equation ilo to repeat, the base A has to be transferred. In this case, we 
conclude that aU the bases of Jlo, but, perhaps, bases contained in a base A so that /3(A) = pA, 
are transferred infinitely many times. 

Suppose now that £(A) • e(A(A)) = 1. Let v be the (uniquely defined) transfer base of fti so that 
a{i') = 1. Since the base v is a, transfer base of il;, it is transferred infinitely many times in an 

Ik) 

infinite branch and hence for some generalised equation, say flk-, the item h\ is an item with 
boundaries inside one of the items ■ • ■ , '^^^a)- Hence, the section [1, a(A)] of Qq (and so all 

the bases in this section) has been transferred and the statement follows. □ 

Lemma 9.16. Let Q be a generalised equation of type 12 that repeats infinitely many times in the 
infinite branch and let hi be minimal. Then, for every long base X, the items ha(\) and /i^(a)_i ^ 
hpA-i are minimal. 

In other words, all items that are not covered by a short base are minimal and belong to the same 
minimal tribe 971 and all the other items belong to tribes that dominate 971. 



Proof. By Lemma 9.13 if VLi is obtained from by a (complete) entire transformation D5, then 
the item /i^^^ of f2i is also minimal. Hence, in the infinite branch, the items /i^'^ and h^pj^^.-j_i are 
always minimal and the items hj , 1 < j < I3{pi) — 1 belong to tribes that dominate the tribe of 
h\^\ where pi is the carrier of fi^. 

Let A be the (uniquely defined) long base so that /3(A) = pA. We now consider an arbitrary long 
base K of the generalised equation f2 distinct from A. To prove the lemma, it suffices to show that 
^/3(k)-i is minimal. 

For every generalised equation fl^ we have that 

Case I: either the boundary 1 of ili corresponds to a boundary ji of fl, ji > f3{K) in fl, 

Case II: or there exists a base I'i of Hi so that corresponds to the boundary /3(k) of fl. 

Furthermore, since k X, by Lemma [9.15[ there exists N so that for all n > N the generalised 
equation r2„ satisfies Case I, and for all m < N the generalised equation Sl^ satisfies Case II. 

Notice that the boundary f5{p]y^i) of r^Ar-i corresponds to a boundary of f2, so that Jn > /3('t). 
Suppose that Jn = /3(k) (i.e. the boundary /3(i/Ar_i) — /3(/ijv_i) corresponds to the boundary /3(k) 
of fl). Then, the boundary /3(/i7v-i) — 1 of il^N-i corresponds to a boundary between /3(k) — 1 and 
/3(k) in fl. Since h^/^^^"^ is minimal, so is 

If Jn > /?('*) in ^ (i-G. vn-1 is a transfer base of flj^^i), then, it is not hard to see that the boundary 
a{pN~i) of r^AT-i corresponds to a boundary between /3(k) — 1 and /J(k) in fl. We conclude that 
^^(k)-! is minimal. □ 

Corollary 9.17. Let fl be a generalised equation of type 12 that repeats infinitely many times in 
the infinite branch and let the item hi of be a minimal item that belongs to the minimal tribe 
9Jl = t{hi) offl. Then, the tribe t{hi) of any item hi ofQ. dominates the tribe t{hi), i — 2, . . . , pA — ^- 
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Proof. By Lemma 9.15[ all bases of Q but, perhaps, bases v contained in a base A so that /3(A) — 



PA, 

are transferred infinitely many times. Hence, by Lemma [9.16[ it now follows that the tribes of all 
the items hi, i = 1, . . . ,a(A) — 1 of dominate the tribe t{hi), where A is the (uniquely defined) 
long base so that /3(A) = pA- 

Since the base A(A) is not contained in A, so the tribe of every item that belongs to A(A) dominates 
the tribe t(hi). It follows that the base A(A), and so A, belong to a tribe that dominates t{hi). 
Therefore, the tribe of every item that belongs to A dominates t{hi). □ 

Definition 9.18. It follows from Corollary |9 . 1 7| that if il is a generalised equation of type 12 that 
repeats infinitely many times in the infinite branch, then there is only one minimal tribe in fl, i.e. 
|rri(r2)| — 1. We further denote this minimal tribe by 9Jl. 

Structure of the Quadratic Part. Let O ~ (T. SRx) be a generalised equation of type 12 that repeats 
infinitely many times in the infinite branch and assume that the tribe of hi is minimal. Denote by 
BSa{^) the set of all active bases of the generalised equation fl. Our next goal is to show that the 
set 

{/i(77) I V e BSAim 

is a generating set of the subgroup of Gn generated by the active items of Q (i.e. the subgroup 
generated by the items from the quadratic section of fi). In this new generating set, we prove that 
this subgroup is Tietze-equivalent to a one-relator quotient of a partially commutative group, where 
the relation is a quadratic word. 

To simplify the notation, below we sometimes write 77 instead of h(ri). Firstly, we use induction 
to define the map ip from the subgroup generated by the items of the quadratic part of T to the 
subgroup {BSaI^)) of Gt as follows. 

Recall that if /ii is the long leading base, then every item hi, i = 1, . . . , /3(/ii) — 2 is covered by a 
short base i>i. Then, for every item hi, i = 1, . . . , /3(/ii) — 2, we set 'ip{hi) — i>i. 



Notice that 
We set 



Note that the image of the item /i;3(^i)_i is a word in the bases Vi so that a{i'i) < j3{pi) — 1 

and every such base occurs in Wh|^^^_^^_^ precisely once. 

Suppose that the map ?/> is defined for all the items hi, i < k, and that if an item hi is covered only 
by long bases, then the image ip^hi) is a word Wf^ in the bases v so that a{i') < i and every such 
base occurs in w^. precisely once. 

We define ipihk) recursively. If hk is covered by a short base i^ki then we set ip{hk) = v^. Otherwise, 
/ifc is only covered by (two) long bases ki and K2, where 0(^2) = — 1 = k. Then, we 

define 

ilj{hk) = . . . h-{^hi . . . h^^^^_i))Ki = i!{{h-\ . . . h-l^^^)Ki = v-\ . . . J^'l^^-^+i^ih'l^^))!^!. 

Since a(Ki) < k and the item /iq,(ki) is covered by two long bases, it follows by induction assumption 
that V'(^a(Ki)) is a word in the bases v so that a{i') < a{Ki), and every such base occurs in this 
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word precisely once. It follows that tp{hk) is a word in the bases i/ so that a{i') < k, and every such 
base occurs in this word precisely once. 

Example 9.19. Let ft be the generalised equation given on Figure [2j Then, 

ip{hi) = i^, v(/i2) = ??, v(/i3) = ?r^i^" V, V'(/i4) = A(A), 

V'l/is) = A(A)-V"'i'^A(i/), ^(/i6) = A, ^(/i7) = A(77). 

We now determine the presentation of the subgroup generated by active items of the quadratic part 
of T in the generators BSa{^)- 

Note that, by Lemma |9.6[ every boundary of il touches precisely two bases, i.e. for every boundary 
i, 1 < i < p, there exist a base Vi such that al^i) = i and a base Ai such that /3{Xi) = i. Therefore 
we can define the words: 

where = and 

where = pn- We set 

(6) W = WiW:^^. 

For each item /i^, i = p^i, . . . , — 1, i.e. for items that does not belong to the active quadratic 
section, we set '4'{hi) — hi. 

Example 9.20. Let f2 be the generalised equation given on Figure [2j Then, 

Wi = iyriA{iy)XA{ri), W2 = pA{X)A{p). 

Lemma 9.21. In the above notation, the map tp induces an isomorphism from Gy to the group 

ICr = {BSAm,hp,,...,hp,_^ I 1^ = l,77^('')A(ry)-^(^("» - 1, z.^('')/i(A(;.))-^(^(''», i?') 

where r/ runs over the set of quadratic bases, v runs over the set of quadratic- coefficient bases and R' 
is the set of relations of the non-active part, i.e. R' is the set of relations /i(/i)'^('')/i(A(/i))^'^('^(^^), 
for all pairs of non-active bases p, A{p). 

Proof. Straightforward computation shows that for every base 77 that belongs to the quadratic part 
such that cither rj is short or /3(ri) ^ pA, we have ijj{h(r])) — rj. Indeed, if 77 is short, then the 
statement is obvious. Let 77 be a long base. Then, the item is covered by two long bases, rj 

and K. We have 

tPiHv)) = • ■ • V'(/j,9(,,)-2)V'(/l,9(^)~l) = 

We conclude that ip maps h{riy^'^^h{A{ri))~'^^^'''^^^ to the identity in ICr for all pairs of dual bases 
except for the pair A, A(A), where A is the (uniquely defined) long base so that /3(A) ~ pA- For the 
pair A, A (A), we have 

1p(h(X)) = 1p{ha{X)) ■ ■ ■ i^{hp{\)-l) = 1p{ha(\))l^a(\) + l ■ ■ ■ ^PA-l- 

Thus, '0(/i(A)) is the product of all bases of so that v ^ X. It follows that 
V'(/i(A)^(^)/i(A(A))-=('^(^))) is trivial in /Cx since = 1 and A^(^) A(A)-^(^(^)) = 1 are relations of 
/Ct- We conclude that is a (surjective) homomorphism. 
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We define the map g : /Ct ^ Gx by g{ri) — h^rj). The map g extends to a homomorphism. 
Straightforward verification shows that every relation of /Cx maps to the identity in Go and that 
gip = id and ipg — id and we conclude that ip is an isomorphism. □ 

Let us now show how to extend the isomorphism ip to an isomorphism of Gn- 
Let S be the set of relations defined as follows. 

• For every pair of items hi, hj of Q so that 9fix(^i, hj) and hi, hj are covered by short bases 
fi, Vj, correspondingly, we set [vi,Vj\ ~ 1 G S. 

• For every pair of items hi, hj of so that 3fix(^i, hj) and hi is covered by a short base Vi 
and hj is a non-active item, we set [vi, hj] = 1 S S. 

• For every pair of items hi, hj of f2 so that 5Rx(^i, hj) and /i^ is covered only by long bases 
and hj is a non-active item, we set [rj, hj] = 1 G S, for all bases ?/ in the quadratic section. 

• For every pair of items hi, hj of so that ^f{hi, hj) and hi and hj belong to the non-active 
part, we set [hi, hj] = 1 G S. 

Lemma 9.22. Let Q = (T,3fix) be a generalised equation of type 12 that repeats infinitely many 
times in the infinite branch and let hi be minimal. Then, in the above notation, the map ip induces 
an isomorphism from Gn to the group 

(7) /C = {BSAm,h,„ \W^1, T^-^") A(r;)--('^('')) - 1, z.-M/i(A(j.))-(^('')), i?', S), 

where rj runs over the set of quadratic bases, v runs over the set of quadratic- coefficient bases and R' 
is the set of relations of the non-active part, i.e. R' is the set of relations /i(//)'^(^)/i(A(/i))~^('^(^)), 
for all pairs of non-active bases /i, A(/i). 

Proof. By Lemma |9.2H the map ip induces an isomorphism from Gx to /Cx • Observe that if an 
item hi belongs to two long bases, then, by Lemma |9.9[ it belongs to the minimal tribe. Since any 
other item hj from the quadratic part belongs to a tribe that dominates the tribe of hi, it follows 
that hj ^ 5Rx(^i); i-^- if 3'?x(^i, h^), then hk is non-active. Now a straightforward verification shows 
that '0 is an epimorphism. 

Furthermore, since, by Remark |9.4[ the set SRx is completed, it follows that ip is an isomorphism. 



Indeed, if an item hi belongs to two long bases, then by Lemma 9.16 it belongs to the minimal 
tribe. Since items of the quadratic part belong to tribes that dominate the minimal tribe and, by 
assumption, 5Rx is completed, it follows that if 5Rx(^i7^j)j then 3?x(^i,^fc) for all items h^ from 
the quadratic part. □ 



Our next goal is to show that under the above conditions, one can take the quadratic equation W to 
the standard form. In order to do so, we replace the generalised equation U, by another generalised 
equation, in which if an item belongs to a tribe which strictly dominates the minimal tribe, then 
this item is covered by a short quadratic-coefficient base. 



By Lemma [9.13 it ems that belong to tribes which strictly dominate the minimal tribe belong to 



J-"(f2o)- By Remark 9.7 there exists a fundamental sequence so that for any item /i^^-* that belongs 



to a tribe that strictly dominates t{h\ '), there exists a word Wi{h^^'^) G Gq^ so that for all solutions 
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= tpTT{va,vi)H'-^'> of the discriminating family, we have that fT:{vo,vi) (hi) — Wi{h^^'') and 

iff) 

We replace rig = C^o^^To) t>y a new generalised equation rij, = (Tg,9fix;,) constructed as follows. 
Replace the non-active part of Qq by the non-active part of fli = (Ti,3fixi)- For any item in 



the active part that does not belong to the minimal tribe t{hi^ ) let Wi{h^^'') = . . .h, 

e^je{l,-l}- 



(1) ^..^ 



Introduce new boundaries in the item hf^ so that hf^ — hf^ 

1,. . . ,ki. Erase the short base A of ^^o that covers hl^\ We now introduce new bases Ai,i 



(0) ' 



€ {1,-1}, j 



along with the corresponding duals in such a way that A^.j covers the item J , j = 1, . . . , fc^ and 



the dual A{Xij) covers the item h^^'^ and e(A 



e(A(A,,,)) - 1. 



Note that, by Lemma 9.16[ it follows that if a short base covers an item that belongs to a tribe 
which strictly dominates t{hf'^), then cither it is a quadratic-coefficient base or it is quadratic and 
its dual is also a short base. Hence, the base A(A) is a short base that covers an item that dominates 



The set 3?Ti of % is defined naturally: g^x;, if and only if ^T^{h\"^ , h\^^j,) or 

3fiTo(/if\4"^); 5RTi(/iS',4"^) if and only if nrjh^°\h[?'>); 'Rr'^hf^^' , h[''>) if and only if 
3?Ti (^i J- , /ij-^^); the other relations in ^x'^ are naturally induced by 3?To and 3fiTi- We assume 



,(1) 



that ^Str'g is completed (see Remark 9.4). We conclude that: 

• is a generalised equation of type 12; 

• if : Gfig — > Gq'^ is a natural homomorphisni, then any solution H of the generalised 
equation f^o that belongs to a fundamental sequence induces a solution H' of the generalised 
equation fig. In other words, for any homomorphism from the fundamental sequence there 
exists a homomorphism from Gji^ so that the following diagram is commutative 




• is a retraction of G^'g- 

Note that if v is an active base of fig, then either the tribe of every item hf^ , i = a{h'), . . . , — 1, 
covered by v dominates t{hf'') and at least one of the items belongs to the tribe or else 

every item covered by v belongs to a tribe that strictly dominates t{h^^'^) and then the base v is a, 
short quadratic-coefficient base. In other words, in fig the tribe of every quadratic base is the same 
minimal tribe and the tribes of the quadratic-coefficient bases dominate this minimal tribe. 
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Let 

for all quadratic bases and all quadratic coefficient bases v. It is clear that £ is a free group. 

Let M be quotient of C by the set of commutators S' defined analogously to S, see Equation Q. 
By definition, is a free partially commutative group. 

The word W defined in Equation ([6| is a quadratic word in the free group C. It can be taken to 
the surface relation form ([3| or Q by an automorphism of the free group £, see [ComEdST] . 

Lemma 9.23. Let (f> be the automorphism of the free group C that takes the quadratic equation 
W = \ to the normal form. Then, (p induces an automorphism (p' of the partially commutative group 
Ai that takes the quadratic equation W = 1 to the normal form and fixes all the quadratic- coefficient 
bases and items hi, i = pA, ■ ■ ■ , pn — ^■ 

Proof. Denote by var(M^) the set of variables of = 1 that occur in W exactly twice. By definition 
of C and M and by construction of fig, we get that if a; e var(VF), then x is a quadratic base of 
and the tribe of x is the minimal tribe t{hf'^). 

Suppose that W — AxBxC. Let px be the automorphism of C induced by the map x — > A^^xAB^^ . 
The automorphism (j)^ transforms the word W into 

(j)x{W) = AA-'^xAB-'^BA-^xAB-^C = x^AB'^C. 

Every letter in A and B is either a variable of = 1 (then it corresponds to a quadratic base which 
belongs to t{h^^^)) or it is a coefficient of = 1 (then it corresponds to a quadratic-coefficient base 
which belongs to a tribe that strictly dominates t{hf^)). Hence, by }L95) . it follows that 4>x induces 
an automorphism of A4. 

Observe that AB^^C is a quadratic word in fewer variables than W. The statement now follows 
by induction. 

Suppose now that every variable x of occurs in it as x and as x~^. Let W = Ax~^BxC, where the 
number of variables | var(i3)| in B is minimal among all such decompositions of W. In particular, 
it follows that B is linear. 

If var(_B) = 0, then we consider the automorphism (p^ of C defined by the map x i-> xC^^. Then, 
(pxiW) — ACx^^Bx. As above, the automorphism (px induces an automorphism of A4. Note that 
the number of variables in AC is strictly lower than that of W and the statement, in this case, 
follows by induction. 

Let var (B) ^ 0. Then, B = Biy^ B2, where 6 = ±1, and neither B^ nor B2 contains y^^ . Applying 
the automorphism y 1— > y^^, if necessary, we may assume that (5 = 1. 

Consider the automorphism py of C defined by y 1-^ B^'^yB^'^ . Then, (l)y{W) = 4>y{A)x~'^yx(f>y{C). 
The variable y~^ occurs either in A or in C. We assume that occurs in C (the other case is 
similar), i.e. C — Ciy~^C2. Then, 

(byiA) = A, cbyiC) = CiB2y-^B^C2 and (j)y{W) = Ax'^yxCiB2y-^ B^C2. 
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Applying the automorphism (px defined by the map x ^ x{CiB2) ^, we get that 

(I^Ay{W) - AC^B2X-^yxv-^B^C2. 
Let (pi be the automorphism that conjugates x and y by ACB2. Then 

4>i^Av{W) = x-^yxv-^BiC2ACiB2. 



As above, the automorphisms 



and 4>y induce automorphisms of M. We now observe that 



B1C2AC1B2 is a quadratic word in fewer variables than W and the statement now follows by 
induction. □ 



Corollary 9.24. In the notation 0/ Lemma 9.23 the automorphism (j)' induces an automorphism 
of the group K, that takes the quadratic relation to the normal form. Therefore, if CI ^ (T, iRx) 
is a generalised equation of type 12 that repeats infinitely many times in the infinite branch, hi is 
minimal and 9fix is completed, then, Gn is isomorphic to the group 

IC = {BSA{n),hp,,. . . , V.-1 I = 1, r/^^") A(7y)--(^('')) = 1, z.^^-) A(j.)-^(^M) = 1, i?', S'), 

where rj runs over the set of quadratic bases, v runs over the set of quadratic- coefficient bases and 
W is a quadratic word in the normal form 

[Vl,V2]---[m9-Umg]^2g+l'"'^' ■■■Xrn""' = 
T^{vO,Vl){[T]i,r]2] ■ ■ ■ [t?23-1,?72s]A2(,+ i'"''+' ' ' ' A„'''") 

or 

Vl-- rilgX2a+i'''^^' ■ ■ ■ A™"™ = ^{v^, viM ■ ■ ■ r]|,A2,+i''^«+^ • • • A^"-) 
and where R' is the set of relations of the non-active part, i.e. R' is the set of relations 
^ njfiere II, A(/i) runs over the set of pairs of non-active bases. 



Construction of a Homomorphism from Gqo to a Graph Tower. We finally address the construction 
of the graph tower. Our goal is to construct a graph tower ("Xoiltlo) and a homomorphism tq from 
Gq^ to To such that for every homomorphism H from Gfl(sio) to G from the fundamental sequence 
there exists a homomorphism H' such that Diagram ^ commutes. Recall that we use induction 
on the length of the fundamental sequence Gj^^ pp) — > Gj^^q^-^ —>•••—>■ G 
hypothesis are IH, IHl and IH2 defined on page[40l 



and our induction 



We further assume that Hq satisfies the properties of H'q, i.e. the short bases that belong to a tribe 
that strictly dominate the minimal tribe are quadratic-coefficient bases. 

We aim to prove that there exists the following commutative diagram 

To 




and that the graph tower (To, Ho) satisfies all the induction hypothesis. We fix the following 
notation for the generators of the groups we consider: Gq- — (/i*-*'), i = 0, 1, Hi = (a;^'^^), and 
Ti = (y*-^-*). Denote by 1^0 the composition of tt{vo,Vi) and ti. 
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Let M be the subset of the set of quadratic bases of ilo so that, for eaeh pah of dual bases /x, A(/i), 
the set N contains exactly one of them. Let n be the cardinality of the set M . Notice that, by 
definition, the set N contains long bases and short bases that belong to the minimal tribe. 

For every 77 S M , set (pQ(h!^^\rii)) — We define the canonical parabolic subgroup K of Hi 

to be A£;^(r,)({w^(a;(i)),?7 e M}). 

Lemma 9.25. The subgroup K o/Hi is Ed{Ti) -co -irreducible . 



Proof. Let us begin with an observation. By Remark |3.4[ there exists a canonical parabolic subgroup 
Gk < G such that for a fundamental sequence of solutions, we have that (alph(if*^°-' (K))) = Gk- 
By definition of K and by the induction hypothesis IHl, we have that H'^^^ ifoihirj))) ^ Gk for 
a fundamental sequence of Gqi- Furthermore, if ^ {H^^^' {ipQ{h{r]))) \ 77 e A/"}, where € A, 
G = G(,4), again by the induction hypothesis IHl, we have that G K and so G Gk, hence we 
have that 

Since every solution H^^^ from the fundamental sequence is obtained from a solution H^^^ of fli 
from the fundamental sequence by precomposing it with a canonical automorphism (and 7r(i;o, wi)), 
it follows that a,; ^ {H^'^^ {ri),r] S Af} for all solutions i/^^-* of the fundamental sequence if and only 
if Ui ^ {ij'^-* (7r(uo, G Af} for all H^^^^ from the fundamental sequence, where G G. 

Therefore, (alph({i/(o) (r]), r/ G A/"})-^) = Gk and since all the bases 77 belong to the same minimal 
tribe, it follows that (alph(_ff (77))^) = Gk, for all ry G Af. Furthermore, since any minimal item 

hf''' belongs to the same minimal tribe, we have that {alph{H^'^^) ) = Gk- Hence, if /ij"-* is so that 

the tribe of /ij'^' dominates the minimal tribe, then we have that G Gj^. 

Let us now address the statement of the lemma. By definition, the group K is closed, i.e. K — K-^-^. 
We only need to show that K-'- is i?c((ri)-directly indecomposable. 

Assume the contrary, then K-^ = Ki x • • • x K^, where r > 1 (and this decomposition is with respect 



to the edges from Ed{Ti)). Without loss of generality, we shall assume that r — 2. By Remark 3.4 
there exist canonical parabolic subgroups GKi < G, i = 1, 2 such that for all solutions H'-'^^ from the 
fundamental sequence we have TJ'-^' (K^) = Gk^, i = 1, 2. Furthermore, by the induction hypothesis 
IHl, Gk, ^ Gko- As we have shown, if /i-'^' is an item whose tribe dominates the minimal tribe. 



then ijf ' e G^ < Gki x Gk^- It follows by Lemma |9.16[ that i?(°)([l, p^]) e Gki x G; 



By Lemma 9.6 the section [1, pa] is a closed section of fl and, by Re mark 9.1 the word _ff [1, pA 



is a subword of a word in the DM-normal form. It follows by Lemma 2.2 that the word H^^^^ [1, p^] 
contains only a bounded number of Gkj x GKa-^ilternations. 

When applying an entire transformation from ilp to fii, the only items that could be mapped to a 
word of length greater than one by the epimorphism tt{vq, vi) are /i^^-* and /i[^2^ , where the boundary 
connection (2, /it, 7^2) is introduced and 77.2 is introduced between the boundaries ((2) and 1(2) + 1 of 
f2o- The image of /i^'^^ is a word that contains at least one minimal item, namely the item h[^2)- 



Remark 



9.14 



the image of /i[^2) is the word h^^^l-^hn] and both of the items h[^^y hn] are minimal. 
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Hence, the image of h^^\[l, pa]) is a word in variables h^^^ that contains at least |/i(93t)| + 1 minimal 
items. 

Repeating this argument, we conclude that 7r(wo, pa])) is a word in h^'^^ that contains at 

least |/i(9Jt)|-|-fc minimal items. By |CK1H Lemma 7.12], in an infinite branch of type 12, there exists 
an infinite sequence of generalised equations — ^rn — ■ ■ ■ , so that every solution of fln^. 

induces a solution H^^^^ = T:{va,Vn^.)H^'^''^ of fio- Therefore, on the one hand, i?*-"^ [1, pa] € x 
. On the other hand, _ff [1, pa] is graphically equal to a word 10(11^^^) that contains |/i(9JT)|+nfe 
minimal items. Every minimal item defines at least one x -alternation. Hence, the word 
H^^^[l, Pa] contains at least + Uk many Gki x GKa-a-lternations, deriving a contradiction. 

Therefore, we have that s = r = 1, ijf"'' is a block and K-'- is directly indecomposable. □ 

Remark 9.26. It follows from the above proof that for all solutions H from the fundamental 
sequence, Hi g <Gjji is a block element for all minimal items hi from fl and A{Hi) ~ A{G^±). 

Lemma 9.27. Let Q be a generalised equation of type 12 that repeats infinitely many times in the 
infinite branch and let hi be minimal. Then, there exists an element U £ Gn so that H{U) is 
irreducible for all H from the fundamental sequence. 



Proof. Since the word Hi is a block (see Remark 9.26), since the tribe of hi dominates the minimal 



tribe (see Lemma 9.17), and since the word i?[l,i] is reduced as written, it follows that the word 
H[l,i] is a block element for all 1 < i < pA- Furthermore, if the word i?[l,i] is not irreducible, 
then it is not cyclically reduced. 

If the word HiH[2,i] — wvw^^ is not cyclically reduced, then by jEKR05( Proposition 3.18], 
the word w = did2, where di is a left divisor of Hi, Hi — diUi, d2 is a left divisor of H[2,i], 
H[2,i] ~ d2U2, and ^2 ^ ui- Furthermore, since Hi is a block element and A{d2) > A{Hi), it 
follows that d2 Hi, hence di ^ 1. 

Let p be the carrier base of fl. Suppose that e{p,) = e{A(p)). In this case, we show that 
H[l, a{A(p)) — 1] is irreducible. Assume the contrary. Then, from the above discussion, it fol- 
lows that HiH[2, a{A{p)) — 1] = diudi^, where di ^ 1 is a left divisor of Hi. On the other hand, 
by Lemma [9 .61 the word iJ[l, /3(A(/i))] = H[l,a{A{p)) — l]H{A{p)) is reduced - a contradiction 
since d^^ right-divides H[l, a{A{p)) — 1] and di left-divides H{A{p)). 

Suppose now that e{p) — — e(A(p)). Let v be the (uniquely defined) long base, so that a{i') = 
/3{p) — l. Note that, since 51 is formally consistent, see [CKlll Definition 3.9], we have that ly ^ A{p,). 
Let f2' be obtained from by a complete entire transformation. If e{i') — e{A{i')) in 57', then, by 
Lemma 9.13[ the argument above applies to the generalised equation fl' and the carrier base 



v. 



Suppose that e(t^) = — e(A(z/)) in 57'. Let 57" be obtained from 57' by a complete entire transfor- 
mation. Then, we have that e(/i) = e{A{p)) in 57". Notice that since the generalised equation 57 
repeats infinitely many times in the infinite branch, the tribe t{p) of fi is minimal in 57". With- 
out loss of generality, let a{p) < a{A{p)). From the above argument, it follows that the word 
H" [a{p,) , a{A{p)) — 1] is irreducible. 

Therefore, since Gfl(o) — 0^(0') — GiK^^n^, the statement follows. □ 

Recall that quadratic words of the type [x,y],x'^ , z~^cz, where c is a constant are called atomic 
quadratic words or simply atoms. Let W = 1 he a quadratic equation over G written in the form 
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rir2 ■ ■ ■ rk — d, where are atoms and d G G. The number k is cahed the rank of the quadratic 
equation. Suppose that the rank fc of 14^ = 1 is greater than or equal to 2. A solution H oi W is 
atom-commutative if [H(ri), H{ri^i)] — 1 for alH = 1, . . . , fc — 1. 

Suppose that the quadratic equation satisfies one of the following two alternatives: 

• the Euler characteristic of W is at most —2, or W corresponds to a punctured torus and 
the subgroup 

{tpo{r]),ipQ{hf^^) I 77 e A/", /ij-"^ is covered by a quadratic-coefficient base) 
of Ti is non-abelian, i.e. the retraction of the (punctured) surface onto Ti is non-abelian; 

• the rank fc of is greater than or equal to 2 and the minimal solution ipo is not atom- 
commutative. 

Note that, in the case of free groups, the above conditions are sufficient to ensure that the rad- 
ical of the quadratic equation W = 1 coincides with the normal closure, jKhM98bl ISelaOlj . We 
will see in the next section that the same result holds for arbitrary partially commutative groups 
(under the condition that the set of solutions of the quadratic equation factors through an infinite 
branch) . 



Notice that, by Lemma 9.2 we have that K-*- is either i?£;(r)-directly indecomposable or i5c(r)-free 
abelian. If the equation W satisfies one of the above alternatives, then K-^ cannot be free abelian 
and hence it is directly indecomposable. 

Define the graph Tq as follows: 

• V{ro)^V{r,)U{x^°\...,x^°^}; 
. E,{Tq) = E.iTi) and 

• Ea{ro)=Ed{ri)U{ixf\xf^)\ forallxf^ eK,z = l,...,n}, 
where n = jA/"]. Then, the group Hq = G(ro) is given by the presentation 

(Hi,4°\...,4'" I = 1, for allxf' eK,i = l,...,n). 

Define the map Tq as follows 

m ~> xf\ r],€Af 

A(7/0 ^ xf^\ ^,e^^,v^ = ^iv^r,e&{±l}, 

V — > (po{h{h')), for all quadratic-coefficient bases 
hf^"^ ipo{hf^), for all non-active items hf^\ 

If Ti — (j/'^-* I 5*1), then we set To to be the quotient of Hq by the set of relations Si and the set of 
relations S consisting of the set of basic relations [Cjj^ (K-'-), x-^'] = 1, 1 < i < n and the relation 
Tq{W), where is a quadratic word in the normal form from Corollary 9.24 Notice that Tq{W) is 
a quadratic word in the normal form in variables xf^\ i = 1, . . . ,n. 



Lemma 9.28. The map Tq extends via the isomorphism ip {see Lemma 9.22) to a homomorphism 
To from Goo to Tq- 
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Proof. By Corollary 9.24 the group Goq is isomorphic to the group K.. We show that Tq induces a 
homomorphism from /C to Tq- 

It is immediate to check that if r is either the relation W = 1 or a relation of the type i/^^''^ = 
A(i^)'^'^^*^''') or a relation from i?', then Tg(r) = 1. Therefore, we are left to show that Tq is trivial 
on the set of commutators S. 

Assume that {[vi^Vj] = 1) e S where Vi^Vj are short bases. Since bases from the quadratic part 
belong to tribes that dominate the minimal tribe, it follows that Vi and Vj belong to a tribe that 
strictly dominates the minimal tribe and hence, since we assume that JIq = bases Vi and Vj 

are quadratic-coefhcient bases. Since rQ([t'j, Vj\) = <^o([^'i) and is a homomorphism, we have 
that r'^ilvi, Vj]) = 1. 

Similarly, if {[vi,h^p] = 1) G S, where Vi is a quadratic-coefficient base and h^^^ is a non-active 
item, then Tl^{\vi,hf^]) = LpQ{[vi,hf^]) 1. 

If {[h!f\h^p] = 1) e S, where /i'"^ and ft-j""* belong to the non-active part, then Tg([/ij-"\ /ij"^]) = 

Assume that {[vi, ^j'^''] 1) G ■^-j where Ui is a quadratic base and h^p is an item from the non-active 
part. By the definition of S and the fact that Sftxo is completed, one has that ^r.XhfKhf'^) for all 
hf''' from the quadratic part of f^Q. Hence, from the description of the process, we conclude that 
3?Ti (^^^ ^j^^) fo"^ all from the word 7r(wo, and all h^p from the word i:(vQ,vi){h^p). 

By definition of a solution of a generalised equation, it follows that for any solution iJ^^^ of fii, we 
have that i?!^"* ^ ^^j^'- By the induction hypothesis IH2 on ti, for all yt from the word Ti{hf'^) 
and all ?/j from the word Ti{h^p), wc have that H'{yi) ^ H'{y.j). By the induction hypothesis IHl 
on Hi, it follows that {xi,Xj) £ Ed{Ti). Therefore, for any Xj from the word ipa{h^p) and any Xi 
from the word ^pQ{hf^), where h^p belongs to the quadratic part, we have that {xi,Xj) e Ed{Ti) 
and so Xo G k{h^°\ri)) for every base rj from the quadratic part. Thus, ipQ{h^^^) e K. We conclude 
that To([^'i, = 1. This shows that tq is a homomorphism. □ 

Lemma 9.29. The homomorphism tq : — > To makes Diagram Q commutative. 

Proof. Notice that any solution of the fundamental sequence is the composition of an automor- 
phism associated to the vertex wg, the epimorphism tt{vo,Vi) and a solution of f2i. Since by 
[CKlll Lemma 7.12], all the automorphisms fix the subgroup NQ of Ghq generated by the 
items covered by quadratic-coefficient bases and the non-active items, it follows that the restric- 
tion of any solution H^°'> of the fundamental sequence to this subgroup coincides with a solu- 
tion H^^^ on the subgroup t:{vq,vi){NQ) of Gq-^, i.e. for all items hf'^ £ NQ we have that 
i/^"^ — H'^'^\hf'^) — H^^'>{T:{vQ,vi){h^'^)). By induction hypothesis, there exists a homomorphism 
fjW from Ti that makes Diagram ([5| commutative. We define _ff on the subgroup Ti of Tq to 
be and set H^^^ixf^) = H^^^r^i), where rj, £ TV. 

It suffices to show that is a homomorphism. In this case, the commutativity of the diagram 

follows by construction. Let us show that H^^^' {[x^^\ C^^ (IK^)]) — 1. From the definition of K and 
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the induction hypothesis on the tower (Ti,Hi), we have that 

Since every solution H^'^^ from the fundamental sequence is obtained fr'om a solution H'^^^ from 
the fundamental sequence by precomposing it with a canonical automorphism (and 7r(wo,'yi)), we 
conclude that at ^ {H'^*^^{ri), ry € Af} for all solutions H'^^^ of the fundamental sequence if and only 
if fli ^ {H^^''{Tr{vo,vi){h{ri))),ri g A^} for all H^^^ from the fundamental sequence, where € G. 
It follows that 

i/(°)(?7,) = H^"'>\xf'>) ^ if(i)'(K) = i/(°)'(K) and so ') G (alph(ij(")'(K))^). 

By induction hypothesis, (alph(i/(i)'(K))-L) = (alph(i7(i)'(K-L))) and hence 
[7?(o)'(x|°)),CG(i/(°)'(K^))] = l. 

Finally, direct computation shows that iJ(°''(iy) = H'^^^W) = 1. This proves that TJ^")' is a 

homomorphism. □ 

Lemma 9.30. The group Mq satisfies the induction hypothesis IHl; for every Xi,Xj € Hq, we have 
that {xi,Xj) e Ed{T()) if and only if H^^^ [xi] ^ H^^^ (xj) for all homomorphisms H^'^^ induced 
by a solution if^^^ from the fundamental sequence. Furthermore, we have that if {xi,Xj) £ Ec{Tq), 
then i/*-"-' (2;^),//^"^ (xj) belong to a cyclic subgroup for all homomorphisms i?*-"-* induced by a 
solution H^*^^ from the fundamental sequence. 

Proof. If Xi, Xj e Hi < Hg, then the statement follows by the induction hypothesis IHl for Hi. 

By definition {xf\xf^) ^ EaiTo), for all 1 < i < j < n. Let us show that H^°^'{xf^) ^ ^). 

Notice that by definition, H^^^ (2;'°'') = H{rii), where rji £ Af. Since all the bases from Af belong to 
the same tribe, it follows that H^°\r]i) ^ H^°\rij). 

By definition {xf'\xj^'') G EdiTg), for all x'j^^ G K, i = l,...,n. From the definition of K 
and the induction hypothesis IHl for the graph tower (Ti,Hi), we have that H'^^^ {ipo{r])) = 
H'^^\'K{vo,vi){ri)) ^ (K). As we have already seen in Lemma 



9.29 



we have that ^ 

{H^^\r]),rj G Af} for all solutions of the fundamental sequence if and only if ^ 

{H^^\Tr{vo,vi){h{ri))),r] G TV} for all solutions H'^^'> from the fundamental sequence, where G G. 

Assume that for xf^ G Hi we have that ^ for some i = 1, . . . , n. Since by 

definition H^^^'{xf^'') — H^^\rii) and all the quadratic bases belong to the same minimal tribe, it 
follows that H^°y{xf^) ^ ^) for aU i = 1, . . . ,n. Since the sets {■K{vo,Vi){h(r])),r] G TV} 

and {h{ri),i] G Af} define the same minimal tribe, we conclude that 

for alH = 1, . . . , n. By the induction hypothesis IHl on Hi, it follows that x'^p G A(ip{h{r]i))) = K. 
Therefore, {xf\xf) G EdiTo). 

Finally, since all the edges {xi, Xj) from Ec{Tq) belong to £'c(ri), by induction on Hi and definition 
of H^^y , we conclude that for every solution from the fundamental sequence, H^^^ [xt) — 

(x,) and {xj) = H<-^^ (xj) belong to the same cyclic subgroup. □ 
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Lemma 9.31. The homomorphism tq satisfies the induction hypothesis IH2; for all h\ , if 

'''oi^^i^'^) — Uii ■ ■ ■ Uik, then for a fundamental sequence of solutions we have that A(ij(*'' iUij)) ^ 

A(i/f)) and n A(i/(")'(y,,)) - A(i/f ). 

Proof. If the item is covered by a quadratic-coefficient base or it is non-active, then To{h['^'^) = 

TiTT{vo,vi){hf^). By construction, the epimorphism ^{vojVi) satisfies the statement of the lemma, 
and by induction hypothesis so does ti. It foUows that the statement of the lemma holds for 

We are left to consider the case when h'f' belongs to a quadratic base and is not covered by a 
quadratic-coefficient base. In this case, hf'^ is covered by two long bases and, hence belongs to a 
minimal tribe. Then, by definition, TQ{hf''') — TQ{tp{hf''')). liip{h^p) = Wi{Af, C) where C is the set 
of items covered by quadratic-coefficient bases, then To{hf'^) = Wi{xf \ lpq{C)) = yn . . . yik- Since 
-f^^°'''('''o(^i°^)) = Wi{H^^\rii) , H^'^\C)) and all the bases and items of the quadratic part belong to 
tribes that dominate the minimal tribe, it follows that A(iJ(°^'(?/y)) D A{H^^^). Furthermore, since 
the item /ij-"^ belongs to a quadratic base, it follows that yu = xf''^ for some / = 1, . . . , and some 

i — 1, . . . ,n. Since belongs to the minimal tribe, we have that f] A(i7(o)'(y^^.)) ^ A(i/f' ). □ 



Let us now deal with the exceptional cases. 

Rank one. Assume that W corresponds to a torus, i.e. W = [771, 772] = 1. Define the graph Tq as 
follows. If K"*- is non-abelian, set: 

. F(ro)-m)u{4°\4°^}, 

. E,{To) = Sc(ri) U {{xf\x^°^)} and 

. Ed{r„) = EdiTi) U ') I for all eK,i = 1,2}. 

If K-'- is abelian, then set: 

. T/(r„) = y(ri)u{4°\4°^}, 

. E,{To)^E,{ri)U{{xf\xf'>)}U{{xi°\xf'>) I forallxf^ eK^,i = l,2}, and 
• EdiVo) = EdiVi) U {(4°\xf)) I for all xf '^ e K,z = 1,2}. 

If Ti = {y^^^ I Si), then we set To to be the quotient of Hq by the set of relations 6*1 and the set of 
basic relations S: 

[Cj,(K^),a;f] = 1, z = l,2. 



Lemma 9.32. The map Tq : r/i t-^ i — 1,2 extends via the isomorphism ip (see Lemma 9.22) 

to a homomorphism tq from Guo to Tq that makes Diagram ([5| commutative. Furthermore, To? 
Hp and tq satisfy the induction hypothesis IH, IHl and IH2. 
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Proof. Proof is analogous to the proofs of Lemmas 9.28 9.29 9.30 9.31 



□ 



Notice that other quadratic equations of rank one do not define an infinite family of homomorphisms. 
Indeed, by Remark |9.1[ any solution of a generalised equation is induced by a solution of the 
corresponding generalised equation over the free group. Now the claim follows from the description 
of the radical ideal for quadratic equations in the free group, see [KhM98aj . 



Other cases. Finally, let us consider the remaining cases. Notice that if the image of the surface 
under the retraction is commutative, then the minimal solution is atom-commutative. Hence, 
without loss of generality, we assume that the minimal solution is atom-commutative. 

Define the graph Tq as follows. If K-'- is non-abelian, set: 

• ViTo) = V{T,)U{xf\...,xl^^}; 

• E,{To) = E.iVi) U {{x[°\xf^) I 1 < z < J < n} and 

. Ed{ro)=Ediri)U{{xf'\xf^)\ foraUxf^ eK,i = l,...,n}. 
If K-'- is abelian, then set 

• ViTo) = V{T,)U{xf\...,x^°^}; 

• E,{To) - i?c(ri) U {{x[°\xf^) I 1 < z < J < n} U | ^ e K^,, = 1, . . . 

• Ed{ro)^Ediri)U{{xf\xf^)\ foraUxf^ eK,i = l,...,n}. 

If Ti — (y(^) I Si), then we set Tq to be the quotient of Hq by the set of relations 5*1 and the set of 
relations S defined as follows: 

• if one of the elements (po('?i • • • ^2g), Vo(-^i)j i ^ 2g + 1, . . . ,m is non-trivial, then the set of 
relations S is defined as follows: 

S = {X^f^ ---X^^g = y^oiVl •■■»?2g), [xf\C] = 1,1 = 1, 

where 

c = ai,(^o(A23+i)'^°(''^'+^\ . . . , MK^r''^''"'\Mvl • 

• otherwise, S — {x^i'' . . . x^2g = 1} U {the set of basic relations}. 

In these cases, define the map Tq as follows: 

r].j eAfJ = l,...,2g 
rij e Af, rij = Air]jy, e = ±1, j = 1, . . . , 2^ 
Vj eJV,j = 2.g+ l,...,7i 

e M, T]j ^ A(?7j)% e = ±l,j = 2g + l,...,n 
if 1/ is a quadratic-coefficient base, 
if is a non-active item. 



...,n}, 
■■V2g)y, 



V 



joy 
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Lemma 9.33. The map Tq extends via the isomorphism (see Lemma 
To from Guo to To that makes Diagram ([5| commutative. Furthermore, To; 
induction hypothesis IH, IHl and IH2. 



9.22) to a homomorphism 
and Tq satisfy the 



Proof. By Corollary 9.24 the group Goq is isomorphic to the group /C. We show that Tq induces a 
homomorphism from /C to To- 

It is immediate to check that TQ^r) = 1 if r is either the relation W, a relation of the type j/'^^'^) = 
A(z/)'^(^('')) or a relation from R' . 

Therefore, we are left to show that Tq is trivial on the set of commutators S, see Equation ([t]). The 
proof is analogous to the proof of Lemma |9.28[ 

Let us now show that Diagram ^ is commutative. Any solution of the fundamental sequence is the 
composition of an automorphism associated to the vertex, the epimorphism '!t{vo, Vi) and a solution 
of ill from the fundamental sequence. Since by |CK111 Lemma 7.12] all the automorphisms fix 
the subgroup NQ of GR(^Qg) generated by the items covered by quadratic-coefficient bases and the 
non-active items, it follows that the restriction of any solution of the fundamental sequence 
onto this subgroup coincides with a solution iJ*^^) on the subgroup tt{vq, vi){NQ) of Go^, i.e. for all 
items /ij-"' G NQ we have that iJ*^"^ (/i'^') = iJ*^^' (7r(i;o, By induction hypothesis, there 

exists a homomorphism H^^^ from Ti that makes Diagram ([5| commutative. We define i/*^"-' on 
the subgroup Ti of Tq to be ij'^)' and we define ^) = H^^Hrij), if '7j G A/" and j = 1, . . . , 2g, 

and H^°y{xf) ^ H^°\r]j)H'^°^ifo{iy))-\ ii Vj e Af and j = 2g + 1, . . . ,n. 

It suffices to show that i/*^*^' is a homomorphism. In this case, the commutation of Diagram ^ 
follows by construction. Since, by assumption, the minimal solution ipo^rji) is atom-commutative 
and since any solution of the fundamental sequence is obtained from the minimal solution by 
precomposing it with an automorphism, it follows that any solution of the fundamental sequence 
is also atom-commutative. Furthermore, notice that by Remark |9.26[ the image of any item under 
the homom orphi sm is a block element such that A{H^'^\r]i)) = A(Gk-l), for all « = 1, . . . , n. 



By Lemma 9.27 there exists an element U so that iJ'^"^(C/) is irreducible. Hence, the images of all 



the atoms under H^^^ belong to the same cyclic subgroup: 

(y/i/(0)(A^^;Y)> = • • • = {^/Hi'H^l")) - {^HWir^i . . . r^,^)). 
We conclude that ([xf \ G]) = 1. Therefore, Dia gram ^ is commutative. 
The proofs that the induction hypothesis IHl and IH2 hold, are analogous to the proofs of Lemmas 



9.30 and 9.31 correspondingly. □ 



Notice that since H'-^^ (xi) is cyclically reduced, the argument given above shows that if the equation 
is non-orientable (there is an atom xf), then H^'^\c^') is cyclically reduced. Hence, we conclude 
that in this case, the retraction of the surface is in fact abelian. 

We summarize the results of this section in the proposition below. 

Proposition 9.34. Let Vt = (T, 5Rx) be a generalised equation of type 12 that repeats infinitely many 
times in the infinite branch, let hi he minimal and Sftx be completed. Then, there exists a graph 
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tower (T, H) and a homomorphism r from Gn to T such that for all solutions of the fundamental 
sequence, there exists a homomorphism from T to G that makes Diagram ^ commutative. 

9.3. Singular and strongly singular periodic structures. In this and the foUowing sections 
we use the notation and results from |CK111 Chapter 6], of which we now give a very brief and 
informal summary. 

Informally, a periodic structure P is a set of items, bases and sections of a generalised equation 
that imposes restrictions on the set of solutions of 17, namely that solutions are P-periodic and the 
image of items, bases and section from the periodic structure are "long" (they are subwords of P" 
of length greater than 2|P|). 

Given a periodic structure on f2, we study the corresponding coordinate group by introducing a 
new set of generators and exhibiting the corresponding presentation. In order to define the new set 
of generators, one constructs a graph F = ^{V), whose edges are labelled by items that belong to 
a section of the periodic structure. Without loss of generality, one can assume that F is connected. 
One then chooses a maximal subforest of F so that the edges are labelled by items that belong to 
a section from V, but the items themselves do not belong to V. We then complete the forest to a 
maximal subtree T of F. The free group generated by the items that label edges of F is generated 
by the items that label edges of T and cycles Ce, where e £ F \ T. 

Under the assumption that fl is periodised with respect to V (i.e. words defined by cycles of F 
based at a given point commute), one can choose a basis C*^^^ U C^^-' of the subgroup generated by 
the cycles Cg. For each edge S T labelled by an item that belongs to V, we consider two families 
of cycles Ui^e, -Zi.e defined by edges e ^ T labelled by items that do not belong to V. The cycles Ui^e, 
Zi^e are based at the origin and the terminus of e^, correspondingly. We prove that the set 

• f of items that do not belong to sections from V; 



is a generating set of the group Gci and in this generating set, the system of equations T is equivalent 
to the union of the following two systems of equations: 



{h{e),eeT,h{e) iV)] 

{/i(ei), . . . , h{e^),e, e T, h{e,) e V}; 

{uie, Zte, i = 1, . . . , m, e ^ T, h{e) ^ V}; 




= Zie, where e S T, e G Sh; 1 < i < m 

[uie-i , Uie2\ — 1, where Cj £ T, ej G Sh, j = l,2;l<i<rn 
[h{ci), h{c2)] = 1, where Ci, C2 G C^^) U C^^) 



and a system: 




such that neither h(ei), I < i < m, nor 



h{C'-^^) occurs in 



Definition 9.35. Let ilhe a. generalised equation and let {V, R) be a connected periodic structure 
on f2. We say that the generalised equation D, is strongly singular with respect to the periodic 
structure {V, R) if one of the following conditions holds. 
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(a) The generaUsed equation H. is not periodised with respect to the periodic structure {V ,R). 

(b) The generahsed equation Q. is periodised with respect to the periodic structure {V , R) and 
there exists an automorphism ip of the coordinate group G'/j(x) of the form described in 
parts [CKlll Lemma 6.14(2) and (3)], such that ip does not induce an automorphism of 

We say that the generahsed equation f2 is singular with respect to the periodic structure {V , R) if 
is not strongly singular with respect to the periodic structure {V, R) and one of the following 
conditions holds 

(a) The set C^^) has more than one element. 

(b) The set C'-^-' has exactly one element, and (in the above notation) there exists a cycle 
Ceo e (^^''): h{eo) i V such that h{t,,) ^ 1 in 0^(0). 

Otherwise, we say that i7 is regular with respect to the periodic structure {V, R). In particular, if 
is singular or regular with respect to the periodic structure {V, R), then Q is periodised. 

When no confusion arises, instead of saying that fl is (strongly) singular (or regular) with respect 
to the periodic structure {V,R), we say that the periodic structure {V,R) is {strongly) singular (or 
regular). 



Suppose that the fundamental sequence goes through a vertex vq of type 2, i.e. solutions of the 
discriminating family are P-periodic and U.^^ is either singular or strongly singular with respect to 
the corresponding periodic structure {V,R). 

To simplify the notation, set = il^^ = (Tj,5Rt,). RecaU that Gn. = (ft-^'^), i = 1,2, Mi = (x^^)), 
and Ti = (y(i)). 

If the periodic structure {V,R) is strongly singular, then we set To = Ti and tq to be 'k(vo,vi)ti, 
where ti is the homomorphism from Gfi-^ to Ti that makes Diagram ([5| commutative. By [CKlll 
Lemma 6.17], any homomorphism of the fundamental sequence factors through Gjj(nj^) and so tq, 
To E^nd Hq make Diagram ([5| commutative and satisfy the induction hypothesis. 

Let us now assume that the periodic structure {V, R) is singular. 

The set of elements 

(8) {h^°He)\eeT}U{h^'\ce)\e^T} 
forms a basis of the free group F{h^^^) generated by 

Suppose first that the periodic structure is singular of type (a), i.e. the set G*-^-* has more than one 
element. Denote by ipQ the composition of 7r(tio, wi) and ti. 

Since the periodic structure is singular of type (a), the cardinality n of the set G^^-* is greater than 
or equal to 2 and there exists an element c G G*^^-* so that the image 'K{vQ,vi){hS^^ (c)) in Gj^(f2j) 
is non-trivial. Let z/;(y'^^') = w{(po{h^'^'' (c))) be the image of h^^\c) in Ti, and consider the word 
w(x(i)) in Hi. Set K to be AmAw{x^^'^)). 
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Let x^'^'' = {x^^\ . . . , Xn ^}, where n — |C'^^-'|. Define the graph Fq as foUows. If the canonical 
parabolic subgroup is non-abclian, set: 

• V{To) = V{T,)U{x^°\...,xl^^}; 

• E,{To) = Sc(ri) U {{xf\xf^) \ l<i<j<n)} and 

. Ea{To)=Ea{T,)U{{xf\xf^)\ for all ^ e K, i = 1, . . . , n}. 
If the canonical parabolic subgroup is abelian, set: 

. F(ro) = m)u{4°\---,^i"'}; 

• E^iTo) = E^iTi) U {ixf\xf^) \l<i<j<n}U {{xf\xf^) \ xf^ e K^, 1 < z < n} and 

. Ea{Ta)^Ea{T^)\j{{xf\xf^)\ for all ^ e K, i = 1, . . . , n}. 
Then, the group Ho is defined to be G(ro). Let S'^^ be the following set of relations: 

[xf\a^,{Va{h'^°\c)))] - 1, for ah 1 < z < n 
and set To to be the quotient '^o/^p, where 5*0 = 5i U ^q. 

Recall that, by definition of the generating set x associated to the periodic structure and since 
the generalised equation is periodised (the periodic structure being singular), the set {h{e) \ e € 
T} U {/i(0)(c(i)),/i(0)(C(2))} is a basis of the free group F{{hf ^ & a,a & V}). Furthermore, any 
/i^^"* E a,(j <E V such that h^^^ — h{e), e ^ T, e : v ^ v' , is expressed in the generating set 
{h{e) I e e r}U{/i(")(C(i)),/i(0)(C(2))} as 

4"^ = h("\p{vo,v))-\kiiC('^)vk2{C<^'^)h^'\p{vo,v% 

where 

VkiiC^'^) e Vk2{C^'^) e {h^'HC^'^)) and p{vo,v)Mvo,v') e (He) \eeT). 

Lemma 9.36. The map tq, 

( (^o(4°^), for all hf ea,aiV, 

Mhf). forallh^^^=h{e),eeT, 

[ ^o(/i(°Hp(«o,^'))-^)^oKi(C(i)))z;fe2(x("))^o(/i(°'(pK,«'))), /oran4°U/,(e),e^T, 
extends to a homomorphism from Grig to To • 

Proof. By |CK11[ Lemma 6.14], the set 

(9) {hf I hf^ G a, a ^ T'} U {hf I e T} U ;i(°)(C(i) U 

is a generating set of G^o ■ 

Notice that, by definition, the map To on the set 

S = {hi'^ I h^^^ e<7,a(^r}U {4°) I 4°) e T} u 

coincides with the homomorphism ipQ. It follows that tq extends to a homomorphism on the 
subgroup (S) of Giig . 
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By |CK11[ Lemma 6.14], since the generaUsed equation is periodised, i.e. [/i'^^-' (ci), /i*-°-'(c2)] = 1 for 
all cycles Ci,C2 e C^^^ U C^^), it follows that aU the relations belong 
to the subgroup generated by S and thus ro(/i(o)(/x)-=(^)/i(°)(A(//))'^(^('^))) = 1. 

Therefore, in order to show that the map tq induces a homomorphism from Gtq to Tq we need to 
show that To([/i(°)(ci),MO)(c2)]) = 1 in Tq for all Ci,C2 G C^^) UC^^). If ci,C2 G Ct^', then 

ro([/i(°)(ci),/i(°)(c2)]) = ^o([/i(°Hci),/i(o)(c2)]) = l. 
If Ci, C2 G C'^-^\ then, by definition of To, 

Finally, assume that Ci G C*^^-' and C2 G C^-^K Since [/i(0)(ci),/i(0)(c)] - 1 in Gno, for all 
Ci G C'-^', and the non-trivial cycle c G C^^-* that defines the subgroup K, we have that 
[ipo{h^°\ci)),ipo{h'-°\c))] = 1 in 1i and so ipo{h^°Hci)) G C's,{ipo{h^°'>{c)). We conclude from 
the definition of 5*0 that to([/i(°Hci), ^^°Hc2)]) = 1 m Tq. 

To prove that tq extends to a homomorphism from Gno to ^o it is left to show that To{[hf\hf ^]) = 
1, for all hf\hf^ such that ^roihf\hf)- In fact, since the map extends to a homomorphism on 
the subgroup generated by S, we only need to check that To{[h[^\ h'"^^]) = 1, for all G 7-" so that 
^roih\°\hf^). For every P-periodic solution H(°\ we have that alph(ijf^) C alph(ijj°'), for all 
hf^ e C7,a eV, hf^ G V. RccaU that if 3?To (/if \ then for aU solutions of 0.^ we have 

that fff ^ ^ Hf \ Therefore, if ^Toihf Khf^) and hf^ G V, then /if^ G cr,cr ^ P. 

Furthermore, since the periodic structure is not strongly singular and the set Sfixo is completed, it 
follows that for all h'^p G V and for every hf^^ such that 5RTo(^f \ ^j"'')' "^^e has that 3fJTo(^i°\ 
for all /if' G cr,CT G -p. 

By properties of the elementary transformations, we have that ^ri{h^r\h^P), for all h^r'^ from 
■'r(wo, wi)(/ij-'^^) and all /li^' G 7r(wo, ), /if'' G cr, cr G 7^. By the induction hypothesis III2 on 
Ti, for any in (/3o(/if''), yi^"* in iy9o(ft.f ■*) and any solution iJ*^^' of fii from the fundamental se- 
quence, we have that A(i7(i)'(yi!')) D A(i/f' ) and K{H^^y {y^}^)) D A(ijf hence i/(i)'(y,il') 
ff^^"* (l/n^'')- By the induction hypothesis IHl on Hi, we have that {xn\xm^) G Ed(Ti) and so 
'/'o(^f^) ^ '/'o(^f^) in for all /if'' G a,a eV and, hence, in particular, (/?o(/if') belongs to the 
subgroup K of Hi. Therefore, if ^ro{hi°\hf) and hf G 7^, then To{[h[°\hf]) = 1. □ 

Lemma 9.37. The homomorphism tq : — > To makes Diagram Q commutative. 

Proof. By |CK1H Lemma 6.18], for any solution H^*^^ of the fundamental sequence, there exist a 
solution i?^^) of fli and an automorphism from the group 2t(fio) (see [CKlli Definition 6.16]) 
such that H^^") = (j)TT(vo,vi)H^^\ Furthermore, if 

S = {/if) I /if) ea,aiV}U {hf I /if) G T} U /i(°)(C(i)), 

then, we have that H^'^^hf^) = H^^\TT(vo,vi){hf^)), where /if G (5). By the induction hypoth- 
esis, there exists a homomorphism H^^^ from Ti to G that makes Diagram (Isj) commutative. We 
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define H'-^'> on the subgroup Xi of To to be 77(1)' ^^^^ ^^^^^ H^^^iyl^^) = H'^°Hc2^), where 
C2. e C7(2) is so that To(/i(o)(c2.)) = . 

If we show that i/^"'' is a homomorphism, then the commutativity of Diagram follows by con- 
struction. Since solutions of the fundamental sequence are P-periodic, it follows that ij(°''(t/|"') = 
H(o)(c2) = P" and H<-°^ {ipoik'^^Hc))) = , k ^ 0. Therefore, is a homomorphism and makes 

Diagram ([5| commutative. □ 

Lemma 9.38. The subgroup K = A(w(a;(-'^))) o/Hi is Ed{Ti)- co-irreducible. 



Proof. By Remark \3A\ there exists a canonical parabolic subgroup Gk < G such that for a funda- 
mental sequence of solutions we have that (alph(i7('^) (K))) = Gk- By definition of K and by the 
induction hypothesis IHl, we have that (u;(a;(i))) ^ Gk- Furthermore, if ^ 
where a G yl, G = G(^), again, by the induction hypothesis IHl, we have that e K and so 
fli g Gk, hence we have that {alph{H^^^' {w{x^^^)))-^) = Gr. 

Let us now address the statement of the lemma. By definition the group IK is closed, i.e. K = K-^-^. 
We only need to show that K-'- is i?(i(ri)-directly indecomposable. 

Assume the contrary, then K-'- = Ki x • • • x K^, where r > 1 (with respect to the edges from 



Ed(Xi))- Without loss of generality, we may assume that r = 2. By Remark 3.4 there exist 
canonical parabolic subgroups Gk^ < G, z = 1, 2 such that for solutions H^°^ from the fundamental 
sequence we have _ff(°) (K^) = Gk^, i = 1,2. Furthermore, by the induction hypothesis IHl, one 
has that Gk^ ^ Gkj • 

Since (alph(i/(i)'(u;(a;(i))))-L) = Gk, it follows that ij(i)'(u>(a;(i))) e < Gk, x Gk^- Further- 
more, it follows that H'^^^ {w{x'-^^)) contains at least one Gki x Gkj -alternation. 

Since every solution of the fundamental sequence is P-periodic, it follows that H^-^^' {w{x''^^)) — P" 
and P contains at least one Gki x GKa-alternation. By the description of solutions of generalised 
equations periodised with respect to a periodic structure, see [CKlll Chapter 6], for every m € N, 
there exists a solution of f^o so that (cj) = P™' , where m' > m, G C^^) . Hence, (cj) 
contains at least m' many Gki x Gkj -alternations. This derives a contradiction, since, by Remark 



9.1 



H^^\c2) is a subword of a word in the normal form and, by Lemma 2.2 it contains only a 
bounded number of alternations. Hence, we conclude that P is a cyclically reduced irreducible root 
element and so r = 1 and K-'- is £'ji(ri)-directly indecomposable. □ 

Remark 9.39. Solutions of generalised equations define graphical equalities, so, if solutions of the 
fundamental sequence are P-periodic, then the period P is cyclically reduced. Furthermore, as we 
have shown above, the period P is an irreducible root element from Gjjj- — G^. 

Lemma 9.40. The group Hq satisfies the induction hypothesis IRl: for every Xi,Xj G Hq, we 
have that {xi,Xj) G Ed{T{)) if and only if H'{xi) ^ H'{xj) for all homomorphisms H' induced 
by solutions H from the fundamental sequence; furthermore, we have that if {xi,Xj) G Ec{Tq), 
then H'{xi) and H'{xj) belong to the same cyclic subgroup for all homomorphisms H' induced by 
solutions H from the fundamental sequence. 



Proof. If Xi, Xj G Hi < Hq, then the statement follows by the induction hypothesis on Hi. 
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By definition, {xf\xf^) e Ec(Ta) for all 1 < i < j < n. Let us sliow that H'^°'>'{xf^) and 
belong to tlie same cyclic subgroup. Indeed, since solutions of the fundamental sequence 
are F-periodic, it follows that H(o)'(a;f ') = i/(°)(c2,) = P'' for alH = 1, . . . ,n. 

Furthermore, if is abelian, then {xf'^ , x f-^) e ErXTa) for aU xf^ e K-^. By the induction 
hypothesis IHl, fo r all s olutions the subgroup {H^°^ (K^)) = {H'-^^ {K^)) is a cyclic subgroup of G. 
Since, by Remark 9.39 the period P is an irreducible element from (alph(i/'^'^' (K-'-))), it follows 
that H^°y{xf ^) = H^°\c2i) = P^ and H^^^ {xf^) belong to the same cyclic subgroup. 

By definition {xf\ x"p) £ EdiTo), for all x^-^' e K, i = 1, . . . , n. From the definition of K and the 
induction hypothesis on the tower (Ti,]HIi), we have that (^o(c)) H'^^HTT{va,vi){c)) = P'= ^ 
ir(i) (K). Since solutions are P-periodic, it follows that 

- H("'(c2^) =P'^ H^^y{K) = i7(")'(K), 

where To(c2i) = xf \ i = 1, . . . , jC^^^I = n. 

Assume that for xf^ e Hi we have that H'^^^ {xf^) ^ H^^^ {xf^) for some i = 1, . . . , ti. Since 
ij(o)'(a;f ^) = H(°)(C2.0 = it follows that 

)) = ^ ff(°)(7r(«o,«i)(/^(c))) = ff(°)'(v^o(/i(c))) = H(i''(^(/i(c))) = PK 

By the induction hypothesis IHl on Hi, it follows that x''^^ G A((y9o(/i(c))) = K. Therefore, 
{xf\xf^)eEd{T,). □ 

Lemma 9.41. The homomorphism tq satisfies the induction hypothesis IH2; for all hf\ if 
To{hf'^) = Xii . . . Xik, then for a fundamental sequence of solutions we have that A{H' (xij)) D A(ff°) 

and n A(i/'(xij)) = A(i7f^). 

3 = 1 

Proof. Recall that if 

then, for hf'' G (S*) and for all solutions of the fundamental sequence we have that iJ(o) (/if ^) = 
H(^\n{vo,v,){hf'^)). 

lihf^ e {S), then To{h^^) = ri7r(uo, wi)(/i|"^). If 7r(wo, ^) = h^lK-.h^l^, then since solutions 

of the generalised equations define graphical equalities it follows that for every solution H^^^ of the 
fundamental sequence, we have that H^^^tt^vo, wi)(ft[°')) = H-^^ . . . H^^ and so 

A(i?(i)(/.«)) D K{H^^\^{v,,v,){hf^))) = A(i/f )). 

Since, by induction assumption, the statement of the lemma holds for ti, we conclude that the 
statement holds for to(/i|°^) = Tii:{vQ,vi){h^^'^), for all G {S). 

If h^^'^ i (S), then /if ^ e P and 

/if) = /i(")(p(«o,t')Ki(C(i))i;fe2(C(2))/i(o)(pK,t;')) 
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for some 

Vki{C^^^) e Vk2{C^^^) e and h^''\^{vo,v))M''\p{vo,v')) e {h{e) | e e T). 

In this case, 

Since every solution H^^^ of the fundamental sequence is P-periodic, it follows that alph(jy|''^) c 
alph(P), for all e a, a G V. Hence, for all Xi in the words Lpo{h^^\p{vQ,v))vki{C'^^^)) and 
</7o(^'°Hp('^o- '^')))' by the induction hypothesis IH2 on ti, we can conclude that A{H^°^ (a;,)) D 
A(P) = A(iff Furthermore, 

alph(7f(°)'(xf ^)) = alph(ir(°)(c2i)) = alph(P'=) = alph(£r^°)) 

and so A(i?(o)'(a;f ^)) = A{Hj^'>) and, in particular, 

n A(ifW'(a;,))=A(Ff)). 

□ 

Assume now that the periodic structure is singular of type (b), i.e. the set C*^^) has exactly one 
element and there exists a cycle c = S C'^^\ h'^^\eo) ^ V such that h'^°\ceg) = ^ 1 

in Gqo- Since c e C^^^ for all solutions = (/37r(wo,t^i)-H'^^^ of Oq we have that i?(°'(c) = 

H(i)(7r(t;o,'yi)(/;-(c))). Since Gi^(no) is separated by G, there exists H^"'> so that 1 ^ F(°)(c) = 
i?(i'(7r(t;o,'yi)(/i(c))), hence 7r(wo, wi)(/i(c)) 7^ 1 in Gfl(f2i)- Let w(a;') = Lpo{h'-"^CeJ) be the image 
of /i''-''(ceo) ill "^ii ^'id consider the word w{x^^^) in Hi. Set K to be Ae^ 

Define the graph Fq as follows. If the canonical parabolic subgroup IK-*^ is non-abelian, set: 

• t/(Fo)-m)U{x(o)}; 

• E,{To) = EATi) and 

• Ed{To) = Ed{Ti) U {ix^°\xf^) I for all xf^ € K}. 
If the canonical parabolic subgroup K-"- is abelian, set: 

. F(ro) = y(ri)u{a;W}; 

• E,{To) = ^c(ri) U {{x(°Kxf) I xf e K^} and 

• £d(ro) = Ea{Ti) U | for all xf^ G K}. 
Now, the group Hq is defined to be G(Fo). 

Let S'q be the following set of relations: 

[x(^\c^AMh^°K^eom = i, 

and set To to be the quotient ^^/nc^S'o)' '^'^^'^^ So = SiU Sq. 
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Recall that, by definition of the generating set x and since the generalised equation is periodised (the 
periodic structure being singular), the set {h{e) | e e T} U {/i(°)(C(^^), /i(°'(C(^^)} is a basis of the 
free group on the alphabet {h^^^ d a^a € V}. Furthermore, any h'f^ £ a, a lE V so that hf^ — h{e), 
e i T, e : V ^ v', is expressed in the generating set {h{e) | e G T} U {/i(°)(C(i)), ft(°'(C(2))} 
as 

for some VkiiC^^^'') G {h^"\C<^^)) and some Vk2iC^^'>) e (/i^^HC^^))). 
Lemma 9.42. The map tq, 

i <^o(C), foraUhfea,a^V, 
Mhf), forallhf^h{e),eeT, 

extends to a homomorphism from Gfjo to To • 



Proof. Proof is analogous to the proof of Lemma 9.36 □ 



Lemma 9.43. The homomorphism tq : — > To makes Diagram ^ commutative. 

Proof. Proof is analogous to the proof of Lemma |9.37| □ 
Lemma 9.44. The subgroup K — A{'w{x'-^^)) o/Ho is Eii{Tq)- co-irreducible . 

Proof. Proof is analogous to the proof of Lemma |9.38| □ 

Lemma 9.45. The group Hq satisfies the induction hypothesis IHl; for all Xi, Xj G Ho, we have that 
{xi,Xj) e EdiXo) if and only if H'{xi) ^ H'{xj) for all homomorphisms H' induced by solutions 
H from the fundamental sequence. Furthermore, we have that if {xi,Xj) £ Ec{To), then H'{xi) 
and H'(xj) belong to a cyclic subgroup for all homomorphisms H' induced by solutions H from the 
fundamental sequence. 

Proof. Proof is analogous to the proof of Lemma |9.40| □ 

Lemma 9.46. The homomorphism tq satisfies the induction hypothesis IH2; for all h!f\ if 
Toihf "^) — Xii . . .Xik, then for a fundamental sequence of solutions we have that A{H'''^'' (xij)) D 

A(i/f' ) and n A(i7(o)'(^^^.)) = A(i7f^). 

Proof. Proof is analogous to the proof of Lemma |9.41| □ 
We summarise the results of this section in the following 

Proposition 9.47. Let D, — (T,5Rx) be a generalised equation singular or strongly singular with 
respect to a periodic structure and let 5ftx be completed. Then, there exists a graph tower (T, H) 
and a homomorphism r from to T such that for all solutions of the fundamental sequence, there 
exists a homomorphism from 1 to G that makes Diagram (|5| commutative. 
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9.4. Regular periodic structures. By [CKlli Lemma 6.19], given a generalised equation fl = 
(T,5ftx) with no boundary connections, periodised with respect to a connected regular periodic 
structure {P^R) and any periodic solution H oi ^ such that V{H,P) = {V,R) and so that H is 
minimal with respect to the trivial group of automorphisms, either for all k, 1 < k < p we have 
\Hk\ < 2p|P|, or there exists a cycle c G 7ri(r,i;r) so that H{c) = P", where 1 < n < 2p. 

Suppose first that the fundamental sequence falls under the conditions of the first assumption, i.e. 
all the items from the periodic structure are of bounded length. Then, in a bounded number of 
steps c, all the items, bases and sections from the periodic structure will be transferred onto the 
sections that do not belong to the periodic structure. Let fie be the corresponding generalised 
equation. Then, every solution of the fundamental sequence is a solution of Qc- In this case, the 
graph tower for J7, is the graph tower associated to fie. 

Suppose now that the fundamental sequence falls under the conditions of the second assumption. 
Then, there exists a cycle c G 7ri(r, ur) so that H{c) — P", where 1 < n < 2p. Let w = Lpo{h{c)) 
be the image of h{c) in Ti, w — w{y^^^) and consider the word w{x^^^) in Hi. Set K to be 
Ah,(u.(x(i))). 

Let x^'^'' = {xf'\ . . . , Xm^}. Define the graph Tq as follows. If the canonical parabolic subgroup 
is non-abelian, set: 

• V{To)^V{T,)U{xf\...,x^^^}; 

• E,{To) = E.iVi) U {{xf\xf^) I 1 < z < J < m)} and 

• Ediro)^Ediri)U{ixf\xf'>)\ foraUxf^ eK,i = l,...,m}. 
If the canonical parabolic subgroup is abelian, set: 

. V{ro) = V{r,)U{x^°\...,x^^^}; 

. E,{To) = E,{r,) U {{xf,xf) I 1 < i < J < m} U {{xf\xf'^) \ xf^ € K^, 1 < i < m} and 

• Ed{T^)=Ed{Ti)\J{{xf\xf^)\ foraUxf^ eK,i = l,...,m}. 
Then, the group Ho is defined to be G(ro). 

Let Sq be the set of relations defined as follows. For every equation u^j^''* = z^e (we use notation 
from |CK1H Chapter 6]), we write 

[xf\Ci,{ipQ{u^e))] = 1, i = 1, . . . ,m 
and set Tq to be the quotient '^o/^p, where 5*0 = 5i U S'q. 

Recall that, by definition of the generating set x associated to the periodic structure and since the 
generalised equation is periodised, any /i^'^' E a,cf E V such that h^l^^ — h{e), e ^ T, e : v — > u' is 
expressed in the generating set {h{e) | e G T} U {h^°\C'^^^>),h'^°\C^^^)} as 

4°) = /i(°)(p(t-o,«))-^t.fci(C(i))t;fe2(C(2))/i(°)(p(i;o,f')) 

for some ?;fei(C(i)) G (C(i))) and some VfeaCC^^)) G (/i(°HC^^^))- Furthermore, the paths p(^;o, v) 
and p(wo, v') can be represented as piei^p2 ■ ■ ■ PrS-i^pr+i and p'^Cj^p'^ . . . p^/ej^,pj,,^j^, correspondingly. 
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where ps, p'^, are paths in Tq, 1 < s < r + 1, 1 < s' < r' + 1 and Ci^, ej^, G {ei, . . . , Cm}, ^ < t < r, 
1 < t' < r'. 

Lemma 9.48. The map Tq 

f (^o(4°^)' &cy;(riV and hf'^ G T n Sh, 

^ S for all c G C^^^ U C^^), 

[ a;[°Vo(^(ei)), for all hf'' ^ h{ei), i ^ I, . . . ,vn., 

induces a map tq from the set {h^*^^} which extends to a homomorphism from Go„ to Tq- 
Proof. By |CK11[ Lemma 6.14], the set 

{4°' I hf ea,aiv}yj {hf I hf e rn Sh} u h^''\c^^^) u u . . ■M^'Xe^)} 

is a generating set of . 
Notice that the map tq on the set 

S = {4°) I ea,aiV}yj {hf I 4°) e Tn Sh} U U 

coincides with the composition of the epimorphism 7r(uo,wi) and the homomorphism ti, and so it 
extends to a homomorphism on the subgroup {S) of Gjiq- In particular, the map tq coincides with 
(^0 on the subgroup generated by all the items ^ T'. 

By |CK11[ Lemma 6.14], since fio is periodised, i.e. [/i'^''' (ci), (C2)] = 1 for all cycles Ci,C2 G 
C(i) U C(2), it follows that all the words /i(o)(^)-'^(^)/i(")(A(^))^(^('^)) belong to the subgroup 
generated by S and so 

We note that the words [/i^°^(ci), /i^°^(c2)] are trivial elements in the subgroup generated by S for all 
cycles ci, C2 e C^^^ UC^^). Therefore, in order to show that the map tq extends to a homomorphism 
from to Xq it suffices to show that To(Ugj '-'^'■'z"^) = 1 in Tq, 1 < i < m. Indeed, 

Since from the definition of So, [xf \ (p{){ui,i)\ = 1, it follows that 



To prove that tq extends to a homomorphism from Gsiq to To, it is left to show that ro([4°\ ^^j^^V) ~ 
1, for all 4°\ 4°' '^'^'^^ 3f^To(4°^ ^r)- In fact, since the map extends to a homomorphism on 
the subgroup generated by S we only need to check that TQ{[hf\ 4'^'']) = 1j for all 4"'' G so that 
5^To(4°^4"^)■ ^^"^^y P-periodic solution i?*")^ ^e have that alph(i/f ^) C alph(ijj°'), for all 
4°^ e cr,CT e -P, 4°^ e P. RecaU that if 3?Ta (4°^ 4°^)' ^^'^'^ ^^^'^ ^ -^i"^ ^^^^ 

solutions of 17o. Therefore, if 5Rto(4°\ 4°^) and 4°^ G P, then /if ^ € cr, a ^ P. 

Furthermore, since the periodic structure is not strongly singular and the set 3fiTo is completed, it 
f^u^„™ fV,of all 4"^ e P and for every 4°^ such that Ur^{hf\hf^), one has that ^r,Ahf\h^°^), 



for ah 4°' e o-,cr e P. 
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By properties of the elementary transformations, we have that Sftxi {h^\ h^s^^), for all the items h'^r^ 
which appear in the word 7r(vo, f and all items ft-i^'* from the word 7r(t;o, h!f^ G 
a,a V. By the induction hypothesis IH2 on ti, for any j/m'' which appears in the word (po{hf'^), 
any yn"^ from the word (po{h^^'^) and any solution H^^^ of fli from the fundamental sequence, we have 
that A(H(i)'(yL'^)) D A(fff and A(i/(i)'(yi'^)) D A(i/f )), hence ^ //(^^'(yi'^ By 

the induction hypothesis IHl on Hi, we have that {xn\xl^^) G Ed{Ti) and so (po{h[^^) ^ i^o('ifc''') 
in Hi, for all hf^ £ a,a £ V and, hence, in particular, (po{hf'^) belongs to the subgroup K of Hi. 
Therefore, if SRxo {hi^Khf) and hf^ € V, then To{[h['^\ hf]) ^1. □ 

Lemma 9.49. The homomorphism Tq : Gq^ — > Tq makes Diagram ([s]) commutative. 

Proof. Proof is analogous to the one of Lemma |9.37| □ 
Lemma 9.50. The subgroup K = A{w{x''^^)) of Mi is Ed{To)-co-irreducible . 

Proof. Proof is analogous to the one of Lemma [9381 □ 

Lemma 9.51. The group Ho satisfies the induction hypothesis IHl; for every Xi,Xj £ Hq, we 
have that {xi,Xj) £ Ed{T()) if and only if H'{xi) ^ H'{xj) for all homomorphisms H' induced by 
solutions H from the fundamental sequence. Furthermore, if (xi, Xj) £ Ec{To), then H'{xi), H'(xj) 
belong to a cyclic subgroup for all homomorphisms H' induced by solutions H from the fundamental 
sequence. 

Proof. Proof is analogous to the one of Lemma |9.40| □ 

Lemma 9.52. The homomorphism tq satisfies the induction hypothesis IH2; for all hf\ if 

Tolhf^'^) = Xii . . -Xik, then for a fundamental sequence of solutions we have that A(_ff*^'^' i^ij)) ^ 

A(i/f^) and n A(i?(")'(xy)) = A(i?f^). 



Proof. Proof is analogous to the one of Lemma 9.41 □ 



We summarize the results of this section in the following 

Proposition 9.53. Let f2 = (T,3?x) be a generalised equation regular with respect to a periodic 
structure and let SRx be completed. Then, there exists a graph tower (T, H) and a homomorphism r 
from Gn to 1 .such that for all solutions of the fundamental sequence, there exists a homomorphism 
from X to G that makes Diagram ^ commutative. 

9.5. Case 15. Suppose that the infinite branch is of type 15. Let f2o — ^ ^^i ^ • • • — ^ be 
the branch of the tree ro(^^o) such that all the epimorphisms 7r(wi, i;,;+i) : G_r(o.) — > Gik^^.^-^j are 
isomorphisms, z = 0, . . . ,iV — 2 and 7r(ujv_i, w^r) : G/j(Ojy_j) — > Gj^(^Qn) ^ proper epimorphism. 
It follows by construction of the tree T(J7o), see |CKllj . that one can subdivide the branch f^o 
fii —7> fijv as follows. Choose < ng < rii < • • • < n^. = TV so that 
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• the quadratic part of flj is non-trivial for all j < no and flng has trivial quadratic part, i.e. 
in the process the quadratic part of fto is transferred to the non-quadratic part of flno £^nd 
the generalised equation f2„Q is the first one in the branch with trivial quadratic part; 

• every solution H of the fundamental sequence is Pj-periodic in the section of the 
generalised equation J7„, and 0„, is periodised with respect to a regular periodic structure 
V{H,Pi). Furthermore, the section is transferred in the process from to flm^i, 
fc = 0,...,7V-l. 

We now use induction on nk to show that there exists a graph tower Tq and homomorphisms making 
Diagram ([s]) commutative for all solutions of a fundamental sequence. 

Suppose first that fc = 1. Then, the existence of the graph tower Tq for Gfi„ and the required 
homomorphisms follows by Proposition 19.34) Assume now that fc > 1. By construction, declaring 
the section [l,ifc_i] to be the active section of r2„j._j, the generalised equation ^luk-i is periodised 



with respect to a regular periodic structure V{H, Pk-i). Hence, by Proposition 9.53 there ex- 
ists a graph tower Tfe_i for ^uk-i that satisfies the required properties. This proves the base of 
induction. 

Assume by induction that there exists a graph tower T2 for Gq^^ . Then, again using Proposi- 
tion |9.53[ we conclude that there exists a graph tower Ti and the required homomorphisms for 



Finally, since there exists a tower Ti for Gfi^_^ , by Proposition 9.34 there exists a graph tower Tq 
satisfying the required properties for the group Gn^^^ . 

We arrive at the following 

Proposition 9.54. Let 17 = (T,!Rt) be a generalised equation of the infinite branch of type 15 and 
let jRx be completed. Then, there exist a graph tower (T, H) and a homomorphism t from Gji to T 
such that for all solutions of the fundamental sequence, there exists a homomorphism from 1 to G 
that makes Diagram ([s]) commutative. 

9.6. Linear case. Suppose that the infinite branch is of the type 7-10. Then, by [CKlli Lemma 
7.10], there exists a generalised equation that repeats in the branch infinitely many times. Without 
loss of generality, we may assume that f2 is the generalised equation that repeats infinitely many 
times. 

In the case of free groups, if an item is covered only once, one can delete the item together with the 
base that covers it and its dual. On the level of groups, this corresponds to a Tietze transformation: 
deletion of a generator and a relation in which this generator occurs only once. Repeating this 
operation, one eliminates all the "eliminable" bases and obtains the, so called, kernel Ker(il) of 
the corresponding generalised equation fi, see |Raz871 rKhM98b] . One can then show that Fr(o) = 
-Ffl(Ker(f2)) * F{Z), sce [RiSsTl [KhM98b] . 

In our case, if an item is covered only once and one deletes the item along with the base that covers it 
and its dual, then one looses the "partially commutative structure" in the following sense. The item 
hi which has been deleted together with a relation hi = Wi = Wi{hi, . . . , hi-i, /li-i-i, . . . ^p-i), has 
commutation constraints associated to it, hence hi appears in the commutation relations. Therefore, 
the presentation we obtain after deleting the generator hi and the relation hi = Wi, contains 
relations of the form [hj,Wi] (note that, originally, all the commutation relations are commutation 



GROUP ACTIONS ON REAL CUBINGS 



79 



of the generators, hence, the term "partially commutative structure"), see |CK111 Section 4.3] for 
further discussion. It follows that, one cannot use these Tietze transformations to exhibit the 
splitting. 

By analogy with the quadratic case, one could try to study the dynamics of the infinite branch 
and try to gain control on the constraints and (at best) conclude that the relations [wi,hj] are 
consequences of the other relations, i.e. that for each hk that appears in Wi, there is a relation 
[hk,hj]. 

Unfortunately, the dynamics of the linear branch is much harder than that of the quadratic case 
and we did not manage to advance in this direction (in fact, as we will see from the approach we 
are about to present, this might not be a sensible option). 

Our approach is to study this case by "forcing" it to behave as the cases we know how to deal with: 
the quadratic case and the general case. In order to carry out this new analysis of the branch, we do 
the contrary of what is done in the free group case: we use Tietze transformations to introduce new 
(non-active) generators and relations. Our goal is to transform the generalised equation to a new 
one, where every item is covered at least twice and then study the obtained generalised equation 
as in the quadratic and general cases. 

As one might expect, such a naive attempt does not (directly) work, as, in general, after some 
transformations, the generalised equation can fall again into one of the types 7-10. 

At this point, tribes again play a crucial role. We show that one can ensure that every time 
the generalised equation falls into one of the types 7-10, the minimal tribe of the generalised 
equation strictly increases. Since G is finitely generated, there exists a constant N(G) that bounds 
any sequence of strictly dominating tribes. Furthermore, if at some point, the minimal tribe of 
a generalised equation turns out to be the maximal tribe, then all the items of the generalised 
equation, in fact, belong to this maximal tribe. In this case, we can proceed as in the free group 
case and eliminate the item and the corresponding relation, since the commutation relations [wi, hk] 
are indeed a consequence of the relations [hj, hk] for all hj which occur in Wi. 

Hence, after introducing fictitious bases to make the generalised equation of type 7-10 into a gener- 
alised equation where every item is covered at least twice and running the process for the obtained 
generalised equation, one of the following alternatives occurs: 

A. the process terminates in finitely many steps; 

B. the obtained generalised equation defines an infinite branch of type 12 or 15, thus we can 
analyse it; 

C. after finitely many steps, the generalised equation is again transformed into a generalised 
equation of the type 7-10, but the minimal tribe of the latter generalised equation strictly 
dominates the minimal tribe of the original generalised equation. 

We can have case C at most 7V(G) times. Hence, after finitely many instances of case C, one has 
one of the cases A, B or the generalised equation is again of type 7-10, but we can perform the 
Tietze transformation, eliminate the item hi together with the relation hi = Wi and preserve the 
"partially commutative structure" . All these alternatives can be analysed and hence the linear case 
can be tackled. 
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We now turn our attention to the formal analysis of the linear case. We define a new generalised 
equation 57° = (T°,5Rt») constructed from ft = (T,3?x) as follows. For every item hi which is 
covered exactly once, we introduce 

• a base Ai, so that e{Xi) — 1, a{Xi) — i, f3{\i) = i + 1, 

• an item hd^ (along with the boundary and re-enumerate all the boundaries as appropriate) 
in the non-active part of fl and, 

• the dual base A(Aj) of so that e(A(A,)) = 1, a(A(A,)) = d, and /3{A{X,)) = d, + 1. 

We set 5ftx<'(^di) = ^rihi)- We call the bases A, auxiliary. Denote the obtained generalised 
equation by fi". 

It is obvious that the group Gw^ is isomorphic to Go. Furthermore, tp{n°-) > 11. We apply the 
process to the generalised equation il" and follow the branch of the fundamental sequence (recall 



that, by Lemma 3.3 there is only one such branch). 



Assume first that one of the auxiliary bases Xi is a carrier base of the generalised equation nM{\i)- 
In this case, we /i-tie the boundary /3(Ai) in all the bases fj,, ^ Xi that contains /3(Ai) and close 
the section a{Xi) — [l,/3(Ai)]. 

We now apply D 5 to the obtained generalised equation and, using Xi as the carrier, we transfer all 
the bases from a{Xi) to the non-active part. Notice that, since the base Ai is the carrier and the 
section a(Ai) is closed, the pair of dual bases (A^, A(Ai)) is removed and the number of auxiliary 
bases in the active part of the obtained generalised equation has decreased. The non-active section 
cr(A(Ai)) of rijvf(Ai) defines a (non-active) closed section in fij, for all j > M{Xi), that we still 
denote by cr(A(Ai)). 

It follows from the process that the branch of the tree T^il"") is either finite and the leaf is of type 1 
(it is a proper quotient) or of type 2 (there are no active sections), or the branch is infinite of type 
12 or of type 15. 



Case I. If the branch of T(f2°) is finite and the leaf is of type 1, then any solution of fundamental 
sequence is a solution of the leaf. By induction hypothesis on the height of proper quotients, we 
can conclude that there exists a graph tower with the required properties. 



Case II. Assume now that the branch is finite and the leaf Q!^ is of type 2. Let r2m(Ai) be the 
generalised equation obtained from f2'^ by declaring one of the sections (T(A(Ai)) active and all the 
other sections non-active. 



Case ILL Suppose first that every active item in Q,,- 



is covered at least twice. In this case, we 



argue by induction on the number of auxiliary bases and prove the existence of a graph tower for 
If there are no auxiliary (active) bases in ^l^(^Xi)j then, by Propositions 



9.47 9.34 



and 



9.54 



there exists a graph tower for Gq,,-^^^.^ ■ Since the number of auxiliary bases of f2„i(;^.) is strictly less 
than the number of auxiliary bases of flk (as the base A; is eliminated in 
by induction that there exists a tower for fi^^;^.). 



then we conclude 
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Case II. 2. Suppose next that there is an item hj in cr(A(Ai)) which is covered exactly once, say by 
the base v. Note that the tribes of all the items in a{A{\i)) dominate the tribe t{\i). To simplify 
the notation we write ^ra(\i) ~ ^■ 

If hj belongs to the tribe t(Ai), then since the tribes of all the items in cr(A(Ai)) dominate the tribe 
t{\i), it follows that v (and so A(i^)) belong to the tribe t{\i). The base v is eliminable and we 
eliminate it together with the item hj as follows. 

We have that the variable hj occurs only once in T: in the equation h{vY'^'^^ = ft,(A(j/))^(^'^'^^^ 
corresponding to the base denote this equation by s^. Therefore, in the group the relation 
Sv can be written as /i, = w^. 



Consider the generalised equation T' obtained from T by deleting the equation and the item hj . 
The presentation of Gx' is obtained from the presentation of Gy using a Tietze transformation. 
Thus, these groups are isomorphic. We define the relation SRy/ as the restriction of SRx to the set 
h\{hj}, and n' = (T',g?T')- 

It follows that 

^ G[/ii, . . . , . . . , hp\i^ ^ {\h^,,wA I ^r{h,M)\)- 

Note that if 3fix(^j, ^fc): then, since all the items covered by v or A(z^) belong to tribes that dominate 
t{\), it follows that SftxC/ij, /ifc) for aU i = a{v), . . . , . . . , ^(y)~\, a(A(i/)), . . . , /3(A(zy))-l. 

We conclude that the groups Gq, and Go' are isomorphic and we denote this isomorphism by 
i-.Go.^ Gq'. 

Notice that the number of eliminable bases of f2' is strictly lower than the number of eliminable 
bases of ft. Furthermore, if the number of eliminable bases of fi' is 0, then W = Ker(J7). Since for 
the kernel Ker(r2) the linear case can not further occur, it follows that the fundamental sequence 
factors either through a finite branch or through an infinite branch of type 12 or type 15. Then, by 



Propositions 9.47 9.34 and 9.54 there exists a graph tower for fl'. We conclude by induction on the 
number of eliminable bases that there exists a graph tower T' (the group H' and the homomorphism 
r') for the group Gsi'. 

We now show that the triple T', H' and ir' is a graph tower associated to Gq- Since i is an 
isomorphism, it implies that Diagram Q is commutative. We are left to show that ir' satisfies 
the induction hypothesis IHl and IH2. Since H' satisfies the property IHl for the homomorphisms 
induced by solutions of fi' and every solution of fi induces a solution of O', it follows that H' 
satisfies the assumption IHl for the family of solutions of J7. Let hj be the item of fl which has 
been eliminated. It suffices to prove that for all Xi in it' {hj) and any solution from the fundamental 
sequence we have that A{H'{xi)) D A{Hj). The latter follows since hj = w^, hj belongs to the tribe 
t{Xi), any /i^. in dominates the tribe t{Xi) (i.e. for any solution from the fundamental sequence 
A{Hk) C A(Hj)) and ti satisfies the induction hypothesis III2 for the items hk in il' . 



Case U.S. Suppose finally that all the active items that are covered once in belong to tribes 

that strictly dominate t{Xi). In this case, instead of ^lj^(x.), we consider the generalised equation 
^m(A )■ ^'^^ every active item that is covered only once we introduce a new pair of auxiliary bases, 
and apply the argument given above for fJ" to $7^,^ Note that all the new auxiliary bases in 
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^m(A ) belong to tribes that strictly dominate t{\i) and that the length of a sequence of strictly 
dominating tribes is bounded above. Furthermore, if the tribe t{Xi) is maximal, then all the items 
belong to this tribe. In particular, if the tribe is maximal and there are items covered just once, they 
are eliminable and as we have shown in Case II. 2, in this case, there exists the corresponding graph 
tower. Therefore, by (increasing) induction on the length of the sequence of strictly dominating 
tribes for t{Xi), we prove the existence of the corresponding graph tower. 



Case III. Suppose that the fundamental branch in T{D,'^) is infinite, we show that in this case, the 
branch is of type 12 or 15. By construction, every auxiliary base of fi" can be the carrier at most 
once. It follows that if the fundamental branch in 57" is infinite, then there exists so that for all 
n > N the carrier of ri„ is not an auxiliary base. Furthermore, if the carrier of ri„ has its dual in 
the non-active part, then the complexity of the generalised equation ^n+i is strictly lower than the 
complexity of fin- 

We conclude that in the infinite branch there exists a generalised equation flk so that 

• for all n > A:, the carrier base of Qn is neither auxiliary nor does its dual belong to the 
non-active part of 

• if tp(57i.) — 12, then flk repeats in the infinite branch infinitely many times and h^^"^ belongs 
to a minimal tribe. 

Using the description of the cases 12 and 15, we conclude that there exists a generalised equation 
f2'^ so that Gij(n^) is a proper quotient of G'i^(n^) and such that every solution of the fundamental 
sequence is a composition of an automorphism of type 12 and 15, correspondingly, the epimorphism 
from G/f(Qj,) to G^(fy^,) a solution of f2^. By induction hypothesis there exists a graph tower 



for Gil' and by Propositions 9.47 9.34 and 9.54 one can construct a tower for Gfi^. 



Finally, we summarize the results of this whole section in the theorem below. 

Theorem 9.55. Let G be a limit group over G and let ^ ■ ■ ■ Vlq be the fundamental branch 
for G. Then, there exists a homomorphism from Gq^ to a graph tower To which makes Diagram 
([5]) commutative. Furthermore, if the group G is given by its finite radical presentation, then the 
graph tower Tq o.i^'d the corresponding homomorphism can be constructed effectively. 



10. Graph towers are discriminated by G 

In Section[9j we proved that given a limit group G over G and a fundamental branch flo ^ ■ ■ ■ ^ flq, 
one can effectively construct a graph tower To and a homomorphism tq : Gq^ — To that makes 
Diagram ([5]) commutative. In this section, we show that the graph tower Tq is discriminated by 
G by the family of homomorphisms induced by the fundamental sequence. We use this fact to 
conclude that every limit group over G is a subgroup of a graph tower. Furthermore, if G is given 
by its finite radical presentation, then the graph tower To and the embedding can be constructed 
effectively. 

Theorem 10.1. Let G be a limit group over G and let (T, H) be the graph tower associated to 
the fundamental branch of G. Then, the graph tower T is discriminated by G by the family of 
homomorphisms induced by solutions that factor through the fundamental branch. 
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Proof. We prove the statement by induction on the height of the graph tower. Suppose that the 
height of the graph tower is 0. Then, T is the partially commutative group associated to a leaf 
of the tree Tsoi(Sl) for some generalised equation and so, by |CK11|, Proposition 9.1], the graph 
tower T is discriminated by G by the family of solutions of the generalised equation. 

Suppose that if T is a graph tower of height less than or equal to ^ — 1, then T is discriminated by 
G by the family of homomorphisms induced by solutions of the fundamental sequence. 

Let To be a graph tower of height I. By Lemma |8.3[ the graph tower To has a decomposition as an 
amalgamated product. We now analyse each of the possible decompositions. 

Notice that if To is of type al), then it only appears in the construction of the leaves of Tgoi, 
i.e. the graph tower Ti coincides with the associated partially commutative group G(ri). In this 
case, since K-*- is directly indecomposable, it follows from |CKlli Corollary 2.11] that the family of 
solutions H of the fundamental sequence which maps the variables x^'^-' into irreducible elements of 
the subgroup K-*- is a discriminating family. 



Assume now that the graph tower To is of type a2). This case appears either in the construction 
of a leaf, or in the presence of a periodic structure or in the particular case when the quadratic 



equation in the normal form does not satisfy the properties ® and ®®, see Definition 8.2 (and K-*- 
is i?c (r)-abelian). 

If it appears in the construction of a leaf, the result follows analogously to the case al). 

Let us now consider the remaining cases. We begin with an observation. Let Gk be the canon- 
ical parabolic subgroup such that for the fundamental sequence of solutions H we have that 
(alph(77'(K))) — Gr. Since Gj^ ^ Gk, by the induction hypothesis IHl, it follows that Gj^ < K^. 
Since K-*- is i?c (ri)-abelian, so is G^. Since for the discriminating family of solutions the subgroup 
defined by H'{K-^) is cyclic and (alph(ff'(G^))) = Gj^, it follows that Gj^ is a cyclic canonical 
parabolic subgroup generated by the generator a. Let CG(a) = (a) x A(a). Since (a) = ^ Gk, 
we have that Gk < A(a). On the other hand, since A(a) ^ H'(K-^), by the induction hypothesis 
IHl, it follows that A(a) < K and so A(a) < Gk- Hence Gk — A(a) and Gk-l — (a)- Furthermore, 
since Ccia) < f/"'(Cii (K-"-)) < Cg{H'{K^)) < CG{a) for all homomorphisms H' induced by the 
discriminating family, we conclude that C(i{a) = Gc^^(Ki)- 

Since Tq is an amalgamated product, it follows that every non-trivial element e of To can be 
written in the reduced form as aibia2b2 ■ ■ ■ akh^ak+i, where a2, . . . , ak+i ^ (J^^) ^-nd 6i, . . . , 6^ 
are words in the generators {x\, . . . ^x^^^} . Hence, there exist Wi G such that [ai,?/;^] 7^ 1, 
i = 2,...,fc-f 1. 

Since, by induction hypothesis, Ti is discriminated by G by the family of homomorphisms induced 
by the set of solutions, there exists a homomorphism ij'^' which is injective on the finite set 
{[a,,w,] I i = 2,...,fc+l}. Therefore, ff(i)'([a„ u;,]) = [i/(i)'(a»), a'-] ^ 1. Hence i?(i)'(ai) ^ CG(a) 
and, in particular, using the above observation, i?^^-* (0^) ^ G(7^^(k^)- 

The homomorphisni H^^^ induces a homomorphism H^^^ from To to the group 

A = G*G^^^(^^) (Gc,,^(k^) X {x\,...,x^^^ I [xix]],l<i<J <n)y 
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i.e. ij'^-* is a homomorphism from Tq to the extension of the centraliser of the element a: 

A = <G*Cc,{a) {CG{a),x[,...,x'^^ I [CG{a),x{\ = 1, [x[,x^j] = 1). 

Moreover, the image H'{ai)bi . . . bkH' {ak+i) of e in G, is a reduced element of the amalgamated 
product A since H'{ai) ^ « = 2, . . . , fc + 1. 

Furthermore, in all the cases under consideration (for periodic structures and for exceptional sub- 
cases of the quadratic case), we have that any solution H^^'' of the fundamental sequence is the 
composition of a canonical automorphism (j) of GjK^fi^^, the epimorphism t:{vo,vi) and a solution 
H^^\ Moreover, notice that any such automorphism induces an automorphism of A that fixes 
G. Hence the family of solutions H^-^^ of the fundamental sequence defines a family of homomor- 
phisms from ^ to G that are obtained from a (non-trivial) solution (induced by 'k{vo,vi)H'^^^) by 
pre-composing with canonical automorphisms. 

By |CK10[ Lemma 4.17] and [CKlli Corollary 2.11], the group A (an extension of a centraliser of 
the canonical generator a) is discriminated by G by this family of homomorphisms. Therefore, we 
conclude that To is discriminated by G by the family of homomorphisms induced by the solutions 
of the fundamental sequence. 

Assume that Tq is of type bl) or b2). These cases occur in the presence of a periodic structure or in 
the particular case when the quadratic equation in the normal form does not satisfy the properties 
and ®® from Definition 8.2 By Remarks 9.39 and |9.26[ the homomorphisms H' induced by 



solutions of the fundamental sequence (only in the case bl)) satisfy that H'{u) and H'{x\) are 
irreducible elements of Gjc^- Now the proof is analogous to the case a2). 

Suppose that Tq is of type c). This case only occurs when the quadratic equation satisfies properties 
® and ®® from Definition |8.2| 



Claim. The subgroup of Ti generated by Ci^{K-^) and (po{Xi), where Ai is a quadratic-coefficient 
base, i = 2g + 1, . . . ,m is the direct product 

(C.i,(K-^),(^o(A2g+i), . . . ,</?o(A„i)) C.Xi(K-^) X ((po(A2g+i), . . . ,(/3o(A„)). 
Let us prove the claim. In fact, we show that the subgroup C generated by a nd C'j:^(IK-'-) is a 



direct product. Then, since ipoiK) G K-*-, the claim will follow. By Remark 9.26 for the family of 
homomorphisms H' induced by the set of solutions of the fundamental sequence, we have that for 
all minimal items hi, the image H'^ is a block element of Gjj^ and A{H'^) — A{Gjj^±). In particular, 
it follows that G^i is a (non-abelian) directly indecomposable canonical parabolic subgroup. By 
the description of centralisers in partially commutative groups, it follows that Gjj^ H CG{Gr^±) = 1 
and so Gjj^ ^ ^^Ct^(k^)- By induction hypothesis, we have that the subgroup C is discriminated 
by the subgroup Grj- x G(7,^^(Ki) and so C is the direct product of K-"- and Ci^{K^). Indeed 
since C = K-^ • C^^{K-^) and [K-^, C^:^ (K-^)] = 1, we are left to show that K-^ n C^.iK-^) = 1. 
Suppose that there exist u e K-^ and v E Ci^(K-'-) so that u = v in C. Then, H'{u) E G^-l, 
H'{v) e Gc^jK^) and H'{u) = H'{v). Since Gr-l ^ Gc^jk^), so H'{u) = H'{v) = 1 for all 
homomorphisms H' . It follows that u — v — 1. 
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The strategy to prove that To is discriminated by G is as follows. As above, to prove that To is 
discriminated, it suffices to prove that so is 

G*H'(c,,(K-))xB {{E,x[,...,xl I W) X F'(Cj,(K-L))) , 

where E = iJ'(((^o(-^2gH-i), ■ • • , ¥'o(Am)))- To prove the latter, we follow the standard argument for 
limit groups over free groups, see for instance |W09[ Proposition 4.22]. 

There are two adjustments required for the argument in |WQ9| to go through. Firstly, free groups 
satisfy the BP property, see |W09[ Lemma 4.13] and secondly, limit groups over free groups are CSA. 
In general, partially commutative groups do not have the BP property (see |B107| ). In our case, 
since, by induction, we assume that Ti is discriminated by the family of homomorphisms induced by 
a fundamental sequence, it follows that the images of Vi , wj E Ti under the discriminating family 



are block elements (see Remark 9.26). Furthermore, by Lemma 9.27 there exists a non-trivial 
curve U which is mapped to irreducible elements for all solutions of a fundamental sequence. We 
prove in |CK1H Lemma 4.17] that we do have the BP property with respect to irreducible elements 
in partially commutative groups. Therefore, the argument given in |W091 Proposition 4.22] goes 
through, using |CK111 Lemma 4.17] instead of |W091 Lemma 4.13]. 

The argument of |W09) uses the CSA property in |W09l Example 4.21]. In general partially 
commutative group do not have the CSA property, but we do can apply the argument from jW091 
Example 4.21] in our context. Let S, C, S, S' and t be as in |W09[ Example 4.21]. By assumption, 
we have that H'{S) is non-abelian and we want to show that H'{S') is also non-abelian. 

By contradiction, assume that H'(S') is abelian. By induction hypothesis, the discriminating family 
of homomorphisms H' induced by the solutions has the property that if hi is a minimal item, then 
Hi is a block element and there exists an irreducible element H{U) G H'{S'). It follows that if the 
image H'{S') is abelian, then it is cyclic. In partially commutative groups, cyclic subgroups satisfy 
the property that if iJ'(5") nF'(S")^'(*) is non-trivial, then H'{t) commutes with H'{S') and hence 
H'{S) is abelian, deriving a contradiction. 

Now the argument is identical to the one given in [W091 Proposition 4.22]. □ 

Corollary 10.2. Let G be a limit group over G. Then, G is a subgroup of a graph tower (T, H). 
Furthermore if G is given by its finite radical presentation, then the graph tower (T, H) and the 
embedding can be effectively constructed. 

Proof. Since T is discriminated by G by the family of homomorphisms induced by a fundamen- 
tal sequence of solutions associated to G and since Diagram ([s]) is commutative, it follows that 
ker(G'o Gj^^^i}) < kerr. Hence, by the universal property of the quotient, r induces a homo- 
morphism r' from G/j'(Q) to T. Since the fundamental sequence that discriminates G into G factors 
through T, it follows that the composition of tt : G Gj^(s7) and r is an embedding of G into T. □ 

Theorem 10.3. Let G be a finitely generated group. The group G acts essentially freely co-specially 
on a real cubing if and only if it is a subgroup of a graph tower. 



Proof. Follows from Theorem 7.10 and Corollary 10.2 □ 



In the case of free actions, the above theorem results in the following corollary, which can be likened 
to Rips' theorem on free actions on real trees. 
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Corollary 10.4. A finitely generated group G acts freely, essentially freely and co-specially on a 
real cubing if and only if G is a subgroup of the graph product of free abelian and (non- exceptional) 
surface groups. 

In particular, if the real cubing is a real tree, then G is a {subgroup of) the free product of free 
abelian groups and [non- exceptional) surface groups. 

We now record some properties of limit groups over partially commutative groups. 
Proposition 10.5. 

(1) Every limit group over G is torsion free. 

(2) Every 2-generated limit group is either free or free abelian. 

(3) Every solvable subgroup of a limit group is abelian. 

(4) Let Q be an algebraic group over M in which G embeds. Then, for any limit group G over G 
there exists an embedding G ^ Q . In particular, G embeds into SL„ (M) . The natural map 
G — > PSL„(M) is also an embedding. 

(5) Let G be a partially commutative group and let (T, H) be a graph tower associated to a limit 
group G over G. Then, abelian subgroups of 1 {and thus of G) are free, and there is a 
uniform bound on their rank. 

Proof. All but the last statement follow from definition using general arguments, see, for example, 
[W09| . To prove the last one we use the fact that every limit group over G is a subgroup of a graph 
tower. 

First notice that since, by Theorem |10.1[ the group T is discriminated by G, then any abelian 
subgroup of 1 is torsion-free. Let A be an abelian subgroup of T. Let us prove that the rank of 
A is uniformly bounded by induction on the height of 1. If the height is 0, then the graph tower 
coincides with the partially commutative group G and hence the rank of an abelian subgroup is 
bounded by the number of vertices in a maximal clique of the graph F or, more coarsely, it is 
bounded by the number of generators of G. 



Let T = T' be of height I. By Lemma 8.3 the group 1 admits a decomposition as an amalgamated 
product. Let T be the Bass-Serre tree associated to the decomposition of 1. Notice that the rank of 
an abelian subgroup of T'^^ is uniformly bounded by Ni^i by induction hypothesis. Furthermore, 
the other vertex group is a direct product of a subgroup of T'~^ and either a free, or a free abelian 
or a surface group. Hence in all the cases, we conclude that the rank of an abelian subgroup of this 
vertex group is uniformly bounded by 7V;_i + mi. If the subgroup A fixes a vertex of T then A is 
a subgroup of a (conjugate) of a vertex group and so its rank is uniformly bounded by A^j-i + m/. 
Otherwise, A fixes a line Ta in T, on which it acts by translations. The quotient A = A\Ta is 
topologically a circle; after some collapses A is an HNN-extension; so the rank of A is uniformly 
bounded by Ni^i + mi + 1. □ 

11. Irreducible components 

If a group G is equationally Noetherian, then every algebraic set V in G" is a finite union of its 
irreducible components. Using the duality between the categories of algebraic sets and coordinate 
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groups, one can conclude that if G is equationally Noetherian, then any coordinate group is the 
subdirect product of the direct product of the coordinate groups of the irreducible components, 
|BMR99j . 

Since partially commutative groups are equationally Noetherian, any finitely generated residually 
G group is a subdirect product of the direct product of finitely many limit groups over G. 

In the case of free groups, Kharlampovich and Miasnikov, IKhM98b] . used the Makanin-Razborov 
process to describe an embedding of a residually free group into the direct product of limit groups. 
In a recent work on the structure of finitely presented residually free groups, Bridson, Howie, Miller 
and Short, [BHMS], gave a different (canonical) construction of such an embedding. 

The aim of this section is to generalise the forementioned results and show that given a finitely 
generated residually G group G, one can effectively construct an embedding of G into the direct 
product of limit groups over G. Namely, we prove the following 

Theorem 11.1. Let G be a partially commutative group and let G be a finitely generated residually 
G group. Then, one can effectively construct finitely many fully residually G graph towers Xi, . . . , Tfc 
and homomorphisms pi from G to %i, i — 1, . . . ,k, so that any homomorphism from G to G factors 
through a graph tower %i, for some i = 1, . . . , fc, i.e. for any homomorphism ip : G ^ G there exist 
i € {1, . . . , fc} and a homomorphism ipi ; Tj — ^ G so that Lp — Piipi. In particular, G is a subgroup of 
the direct product of the graph towers %i, i — 1, . . . ,k and a subdirect product of the direct product 
of groups Pi{G) < %i, i — 1, . . . ,k. 

Notice that Pi{G) < 1i, i = I, . . . ,k, are finitely generated subgroups of the graph towers Ti. Since 
the graph towers 1i are discriminated by G, it follows that pi{G), i — 1, . . . , fc are limit groups over 
G. 

Since partially commutative groups are equationally Noetherian, any finitely generated residually 
G group admits a finite radical presentation. 

Corollary 11.2. Let G be a finitely generated residually G group given by its finite radical pre- 
sentation. Then, one can effectively construct an embedding of G into the direct product of finitely 
many limit groups over G. 

It is worthwhile mentioning that, in general, the decomposition we construct is not minimal, i.e. 
G might be presented as the subdirect product of a direct product of (strictly) less than k limit 
groups. 

Proof. For a limit group over G, we have effectively constructed a graph tower associated to the 
fundamental branch, see Corollary |10.2| In the proof, the fact that the fundamental sequence 
is a discriminating family is used only in and when referring to Lemma |3.3[ i.e. when given a 
decomposition of a discriminating family of homomorphism {ipi} into a finite union of families 
of homomorphisms {ifn}, ■ ■ ■ , {^pu} (with a specific property), we conclude that then one of the 
subfamilies is a discriminating family. 

Let G be a finitely generated residually G group and let Tso\{G) be the Makanin-Razborov diagram 
constructed in |CKllj . We construct a tree T!.^y{G) from the tree Tsoi(G) as follows. We follow the 
proof given in Section^ but for each branch B of the tree Tsoi(G), if a family of homomorphisms 
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{(fi} of the branch B is decomposed into a finite union {ipn}, ■ ■ ■ , {vii} of subfamilies (with cer- 
tain properties), we replace the branch B by I identical branches Bi, . . . ,Bi and require that the 
homomorphisms that factor through the branch Bj are homomorphisms that factor through B and 
satisfy the properties satisfied by the family {(pij}. We denote the new tree by T^oiiG). 

Now, for each branch B : ilo.s ^ ^i.B ^ • • • — > ^n.B of the tree T^^ii^)' ^ Section |9j we 
construct a graph tower Tb and a homomorphism tb '■ Gfi^ ^ — > Ts that makes Diagram ([s]) 
commutative. 



An argument, analogous to the one given in Section 10 shows that each graph tower constructed 
for a branch of the tree T^^i{G) is discriminated by G. 

Let ttb be the homomorphism from G to Go^ ^ constructed in |CK1H Section 3.3] and set pb ■ 
G — )■ 1b to be ttbTb- Since the tree T^^ii^) describes all the homomorphisms from G to G (see 
[CKllj ). by the commutativity of Diagram ([5]), we conclude that every homomorphism from G to 
G factors through some graph tower 1b- 

Furthermore, since the group G is residually G, it follows that the homomorphisms pb '■ G — )• 1b 
induce an embedding of G into the direct product of graph towers 1b, where B runs over all the 
branches of the tree Tl^^{G). □ 

We finish with the following 

Corollary 11.3. For any finite system of equations S{X) = 1 over a partially commutative group 
G, one can find effectively a finite family of graph towers 1i, ... ,1k, It — '^[■^'l/^. and word 
mappings pi : V{Si) — V{S) such that for every b G V{S) there exist i and c G V{Si) for which 
b = p{c), i.e. 

V{S)=piiV{Si))U---UpkiViSk)) 
and all sets pi{Si) are irreducible; moreover, every irreducible component ofV{S) can be obtained 
as a closure of some pi(V{Si)) in the Zariski topology. 



References 

[A105] E. Alibegovic, A combination theorem for relatively hyperbolic groups, Bull. London Math. Soc, 37 (2005), 
no. 3, pp. 459-466. 

[A106] E. Alibegovic, M. Bestvina, Limit groups are CAT(O), J. London Math. Soc. (2) 74 (2006), no. 1, pp. 259-272. 
[AM85] R. Alperin, K. Moss, Complete trees for groups with a real-valued length function, J. London Math. Soc. 31 
(1985), pp. 55-68. 

[Bass91] H. Bass, Groups acting on non-archimedian trees. Arboreal group theory, 1991, pp. 69-130. 

[Bau77] A. Baudisch, Kommutationsgleichungen in semifreien Gruppen (German), Acta Math. Acad. Sci. Hungar. 

29 (1977), no. 3?4, pp. 235-249 
[BMR99] G. Baumslag, A. G. Myasnikov, V. N. Remeslennikov, Algebraic geometry over groups I. Algebraic sets 

and Ideal Theory, J. Algebra 219 (1999), pp. 16-79. 
[BMR02] G. Baumslag, A. G. Myasnikov, V. N. Remeslennikov, Discriminating Completions of Hyperbolic Groups, 

Geom. Dedicata 92 (2002), pp. 115-143. 
[BCll] J. Behrstock, R. Charney, Divergence and quasimorphisms of right-angled Artin groups, Math. Ann., to 

appear. 

[Bes02] M. Bestvina, M.-trees in topology, geometry, and group theory, Handbook of geometric topology, pp. 5591, 

North-Holland, Amsterdam, 2002. 
[BB97] M. Bestvina, N. Brady, Morse theory and finiteness properties of groups. Invent. Math. 129 (1997), pp. 445- 

470. 

[BF94] M. Bestvina, M. Feighn, Outer limits, pp. 1-19, preprint 1994. 



GROUP ACTIONS ON REAL CUBINGS 



89 



[BF95] M. Bestvina, M. Feighn, Stable actions of groups on real trees, Invent. Math., 121 (1995), no. 2, pp. 287-321. 
[BF09] M. Bestvina, M. Feighn, Notes on Sela's work: limit groups and Makanin-Razborov diagrams, in: Geometric 

and cohomological methods in group theory, London Math. Soc. Lecture Note Ser., 358, Cambridge Univ. Press, 

Cambridge, 2009. 

[Bi76] R. Bieri, Normal subgroups in duality groups and in groups of cohomological dimension 2, Jour. Pure App. 
Algebra 7, pp. 35-52 (1976). 

[B107] V. Blatherwick, Centralisers and big powers in partially commutative groups, PhD Thesis, University of 
Newcastle-upon-Tyne, 2007. 

[Bow98] B. Bowditch, Cut points and canonical splittings of hyperbolic groups. Acta Math., 180 (1998), pp. 145-186. 
[BM97] M. Burger, S. Mozes, Finitely presented simple groups and products of trees, C. R. Acad. Sci. Paris, 324, 
Serie I, pp. 747-752. 

[BH99] M. Bridson, A. Haefliger, Metric spaces of non-positive curvature, Springer- Verlag, Berlin, 1999. 
[BHMS] M. Bridson, J. Howie, 0. Miller, H. Short, Finitely presented residually free groups, 
arXiv:0809.3704vl[math.GR] 

[CKIO] M. Casals-Ruiz, I. Kazachkov, Elements of Algebraic Geometry and the Positive Theory of Partially Com- 
mutative Groups, Canad. J. Math. 62 (2010), no. 3, pp. 481-519; 

[CKll] M. Casals-Ruiz, I. Kazachkov, On systems of equations over partially commutative groups. Memoirs Amer. 
Math. Soc, 212 (2011), no. 999, viii-|-153pp. 

[CG05] C. Champetier, V. Guirardel, Limit groups as limits of free groups: compactifying the set of free groups, 
Israel J. Math., 146 (2005), pp. 1-75. 

[Char07] R. Charney, An introduction to right-angled Artin groups, Geom. Dedicata 125 (2007), pp. 141-158. 

[Chis76] I. ChiswcU, Abstract length functions in groups, Math. Proc. Cambridge Philos. Soc. 80 (1976), pp. '451-463. 

[ChisOl] I. Chiswell Introduction to A-trees, World Scientific, 2001. 

[CL95] M. Cohen, M. Lustig, Very small group actions on M.-trees and Dehn twist automorphisms. Topology 34 

(1995), no. 3, pp. 575-617. 

[ComEdSl] L. P. Comerford, C. C. Edmunds, Quadratic equations over free groups and free products, J. Algebra 68 
(1981), no. 2, pp. 276-297. 

[CW04] J. Crisp and B. Wiest, Embeddings of graph braid groups and surface groups in right-angled Artin groups 

and braid groups, Algebr. Geom. Topol. 4 (2004), pp. 439-472. 
[Cul81] M. Culler, Using surfaces to solve equations in free groups. Topology 20 (1981), no. 2, pp. 133-145. 
[Dahm07] F. Dahmani, Combination of convergence groups, Geom. Top. 7 (2003), pp. 933-963. 

[DGr08] F. Dahmani, D. Groves, The isomorphism problem for toral relatively hyperbolic groups, Publ. Math. Inst. 

Hautes Etudes Sci., 107 (2008), pp. 211-290. 
[DGIO] F. Dahmani, V. Guirardel, The isomorphism problem for all hyperbolic groups, arXiv: 1002.2590. 
[DMR07] E. Daniyarova, A. Miasiiikov, V. Remeslcnnikov, Unification theorems in algebraic geometry, in: "Aspects 

of Infinite Groups: A Festschrift in Honor of Anthony Gaglione", Algebra and Discrete Mathematics V. 1, pp. 

80-111, World Scientific, 2007. 
[DM06] V. Diekert, A. MuschoU Solvability of Equations in Graph Groups is Decidable, Internat. J. Algebra Comput. 

16 (2006), pp. 1047-1069. 

[DS08] C. Drutu, M. Sapir, Groups acting on tree-graded spaces and splittings of relatively hyperbolic groups. Adv. 

Math. 217 (2008), no. 3, pp. 1313-1367. 
[DK93] G. Duchamp, D. Krob, Partially Commutative Magnus Transformations, Internat. J. Algebra Comput. 3 

(1993), pp. 15-41. 

[DKR07] A. Duncan, I. Kazachkov, V. Remeslcnnikov, Parabolic and quasiparabolic subgroups of free partially com- 
mutative groups, J. Algebra, 318 (2007), pp. 918-932. 

[DPOl] A. Dyubina, I. Polterovich, Explicit constructions of universal M.-trees and asymptotic geometry of hyperbolic 
spaces, Bull. London Math. Soc. 33 (2001), no. 6, pp. 727-734. 

[EKR05] E. S. Esyp, I. V. Kaaachkov and V. N. Remeslcnnikov, Divisibility Theory and Complexity of Algorithms 
for Free Partially Commutative Groups, In: Groups, Languages, Algorithms. Contemp. Math. 378 (2005), 
pp. 319-348. 

[FuPa06] K. Fujiwara, P. Papasoglu, J S J- decompositions of finitely presented groups and complexes of groups Geom. 

Funct. Anal. 16 (2006), no. 1, pp. 70-125. 
[Go06] K. M. Goda, Centralisers in Graph Products of Groups, PhD Thesis, University of Newcastle-upon-Tyne, 

2006. 

[Gu98] V. Guirardel, Approximations of stable actions on TS.-trees, Comment. Math. Helv. 73 (1998), pp. 89-121. 



90 



M. CASALS-RUIZ AND I. KAZACHKOV 



[GL09] V. Guirardel, G. Levitt JSJ decompositions: definitions, existence, uniqueness. I: The JSJ deformation 

space, arXiv:0911.3173. 
[Gr90] E. R. Green Graph products of groups, PhD Thesis, University of Leeds, 1990. 

[G87] M. Gromov, Hyperbolic groups, in: Essays in group theory. Math. Sci. Res. Inst. PubL 8, pp. 75-263. Springer, 

New York, 1987. 

[GPR07] M. Gutierrez, A. Piggott, K. Ruane On the automorphisms of a graph product of abelian groups, 

arXiv:0710.2573vl [math.GR] 
[Gr05] D. Groves, Limit groups for relatively hyperbolic groups, II: Makanin-Razborov diagrams, Geom. Topol. 9 

(2005), pp. 2319-2358. 

[Gr08] D. Groves, Limit groups for relatively hyperbolic groups, I: The basic tools, arXiv:0412492v2 [math.GR]. 
[H07] F. Haglund, Isometrics o/CAT(0) cube complexes are semi-simple, arXiv:0705.3386 
[HW08] F. Haglund, D. Wise, Special Cube Complexes, Geom. Funct. Anal. 17 (2008), pp. 1551-1620. 
[HWIO] F. Haglund, D. Wise, Coxeter groups are virtually special. Adv. Math. 224 (2010), pp. 1890-1903. 
[Hum94] S. Humphries, On representations of Artin groups and the Tits conjecture, J. Algebra 169 (1994), pp. 847- 
862. 

[KL95] M. Kapovich, B. Lceb, On asymptotic cones and quasi-isometry classes of fundamental groups of nonposi- 

tively curved manifolds, Geom. Funct. Anal. 5 (1995), pp. 582-603. 
[Karll] A. Kar, Asymptotically CAT(O) groups, Publ. Mat. 55 (2011), pp. 67-91. 

[KhM98a] O. Kharlampovich, A. Myasnikov, Irreducible affine varieties over a free group I: Irreducibility of quadratic 

equations and Nullstellensatz, J. Algebra, 200 (1998), pp. 472-516. 
[KhM98b] O. Kharlampovich, A. Myasnikov, Irreducible affine varieties over a free group II: Systems in triangular 

quasi- quadratic form and description of residually free groups, J. of Algebra, 200 (1998), pp. 517-570. 
[KhM05b] O. Kharlampovich, A. Myasnikov, Effective JSJ Decompositions, In: Groups, Languages, Algorithms. 

Contemp. Math. 378 (2005), pp. 87-212. 
[KhM06] O. Kharlampovich, A. Miasnikov, Elementary theory of free non-abelian groups, J. Algebra, 302 (2006), 

pp. 451-552. 

[KMS09] A. Kvashchuk, A. Myasnikov, D. Serbin, Pregroups and big powers. Algebra Logic 48 (2009), no. 3, pp. 193- 
213. 

[L95] M. Laurence, A generating set for the automorphism group of a graph group, J. London Math. Soc. 52 (1995), 
no. 2, pp. 318-334. 

[Lyn60] R. C. Lyndon, Equations in free groups. Trans. Amer. Math. Soc. 96 (1960), pp. 445-457. 
[LS77] R. C. Lyndon, P. E. Schupp, Combinatorial group theory. Springer, 1977. 

[Mak77] G. S. Makanin, The problem of solvability of equations in a free semigroup. Mat. Sb. (N.S.), 1977, 

103(145):2(6), pp. 147-236. 

[Mak82] G. S. Makanin, Equations in a free group (Russian), Izv. Akad. Nauk SSSR, Ser. Mat., 46 (1982), pp. 1199- 

1273, transl. in Math. USSR Izv., 21 (1983) 
[MaJj84] G. S. Makanin, Decidability of the universal and positive theories of a free group (Russian), Izv. Akad. 

Nauk SSSR, Ser. Mat., 48 (1985), pp. 735-749, transl. in Math. USSR Izv., 25 (1985). 
[MN092] J. Mayer, J. Nikiel, L. Oversteegen, Universal spaces for R-trees, Trans. Amer. Math. Soc. 334 (1992), 

pp. 411-432. 

[MRS06] A. Myasnikov, V. Remeslennikov, D. Serbin, Fully residually free groups and graphs labelled by infinite 

words Internal. J. Algebra Comput. 16 (2006), no. 4, pp. 689-737. 
[MS84] J. Morgan, P. Shalen, Degenerations of Hyperbolic Structures, I, Ann. Math. 120, no. 3, pp. 401-476 
[MS88a] J. Morgan, P. Shalen, Degenerations of Hyperbolic Structures, II: Measured Laminations in S-Manifolds, 

Ann. Math. 127, no. 2, pp. 403-456. 
[MS88b] J. Morgan, P. Shalen, Degenerations of Hyperbolic Structures, III: Actions of 3-Manifold Groups on Trees 

and Thurston's Compactness Theorem, Ann. Math. 127, no. 3, pp. 457-519. 
[OSll] D. Osin, M. Sapir, Universal Tree-Graded Spaces and Asymptotic Cones, arXiv:1010.3673v3 
[Pan83] P. Pansu, Croissance des boules et des geodesiques fermees dans les nilvarietes, Ergod. Theory Dynam. 

Syst. 3 (1983), pp. 415-445. 

[P89] F. Paulin, Points fixes des automorphismes de groupe hyperbolique, Annales de I'lnstitut Fourier, 93 (1989), 

no. 3, pp. 651-662 

[P91] F. Paulin, Outer automorphisms of hyperbolic groups and small actions on M.-trees, Arboreal group theory 

(ed. R. C. Alperin) Math. Sci. Res. Inst. Publ., Vol. 19, Springer, Berlin, 1991, pp. 331-343. 
[Raz85] A. A. Razborov, On systems of equations in a free group. Math. USSR, Izvestiya, 25 (1985), pp. 115-162. 



GROUP ACTIONS ON REAL CUBINGS 



91 



[Raz87] A. A. Raaborov, On systems of equations in a free group, PhD thesis, Steklov Math. Institute, Moscow, 
1987. 

[Rem89] V. N. Remeslennikov, 3-free groups, Siberian Math. J., 30 (1989), no. 6, pp. 153-157. 

[RS97] E. Rips, Z. Sela, Cyclic splittings of finitely presented groups and the canonical JSJ decomposition, Ann. 

Math., 146 (1997), pp. 53-109. 
[Roe03] J. Roc, Lectures on coarse geometry, University Lecture Series 31, AMS, 2003 

[S95] M. Sageev, Ends of group pairs and non-positively curved cubed complexes, Proc. London Math. Soc. 71 (1995), 
pp. 585-617. 

[Sela95] Z. Sela, The isomorphism problem for hyperbolic groups. /, Ann. Math. 141 (1995), pp. 217-283. 
[Sela96] Z. Sela The Nielsen-Thurston classification and automorphisms of a free group I, Duke Math. J. 84 (1996), 
no. 2, pp. 379-397. 

[Sela97b] Z. Sela, Acylindrical accessibility for groups, Invent. Math. 129 (1997), pp. 527-565. 

[SelaOl] Z. Sela, Diophantine geometry over groups I: Makanin-Razborov diagrams, Publ. Math. Inst. Hautes Etudes 
Sci. 93 (2001), pp. 31-105. 

[Sela03] Z. Sela, Diophantine geometry over groups II: Completions, closures and formal solutions, Israel J. Math. 
134 (2003), pp. 173-254. 

[Sela06] Z. Sela, Diophantine geometry over groups VI: The elementary theory of a free group, Geom. Punct. Anal. 
16 (2006), 707-730. 

[Sela02] Z. Sela, Diophantine geometry over groups VII: The elementary theory of a hyperbolic group, Proc. Lond. 

Math. Soc. (3), 99 (2009), pp. 217-273. 
[Serre771 J. P. Serre, Trees, Springer 1977. 

[SislO] A. Sisto, Bilipschitz types of tree- graded spaces, arXiv: 1010.4552 

[S96] R. Skora, Splittings of surfaces, J. Amer. Math. Soc. 9 (1996), pp. 605-616. 

[St63] J. Stallings, A finitely presented group whose 3-dimensional integral homology is not finitely generated, Am. 
J. Math. 85 (1963), pp. 541-543. 

[Tits77] J. Tits, A "theorem of Lie-Kolchin" for trees, in: Contributions to algebra: a collection of papers dedicated 
to Ellis Kolchin. New York: Academic Press 1977. 

[W09] H. Wilton, Solutions to Bestvina and Feighn's exercises on limit groups. in:Geometric and cohomological 
methods in group theory, pp. 30-62, London Math. Soc. Lecture Note Ser., 358, Cambridge Univ. Press, Cam- 
bridge, 2009. 

Department of Mathematics, 1326 Stevenson Center, Vanderbilt University, Nashville, TN 37240, 
USA 

E-mail address: montsecasalsSgmail.com 

Department of Mathematics, 1326 Stevenson Center, Vanderbilt University, Nashville, TN 37240, 
USA 



E-mail address: ilya.kazachkovSgmail.com 



